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1 Introduction

These lecture notes will cover some of the fundamentals of group theory, with
a particular focus on finite groups and their structure.

There are no formal prerequisites, but some previous exposure to basic
algebra and group theory is expected. However, we will develop the theory
from the beginning, starting with the basic definitions and examples.

Definition 1.1. A group is a pair (G, x), where G isaset and * : GXxG — G
is a binary operation (a,b) — a x b satisfying the following properties:

(i) Associativity: (a*b)*c=ax* (bxc) for all a,b,c € G

(ii) There exists an identity element e € G such that e xa = a x e = a for
all a € G.

(iii) For all a € G, there exists an inverse b € G such that axb="bxa =e.
The cardinality |G| of the set G is called the order of the group (G, ).
Remark 1.2. (a) Usually we will denote a group (G, *) just by G.

(b) An identity element e € G is unique. For if €’ is another identity element,
then ¢ =exe =e.

(c) Inverse elements are also unique. For if b and b are inverses of a, then

b=exb=(*a)xb=0x(axb)=VVxe=10.

(d) In general we use multiplicative notation. That is, the multiplication
a x b of two elements a,b € G is usually denoted by ab, and the identity
element is usually denoted by 1 or 15. The inverse of a € G is denoted
by a~!.

(e) For all a,b € G we have (ab)™! =b~ta™!.
(f) Every group G satisfies the following cancellation laws:

e If ab = ac, then b = c.
e If ac = be, then a = b.
Definition 1.3. Let G be a group. Two elements a,b € G are said to

commute if ab = ba. A group (G, *) is called abelian if all pairs of elements
commute, i.e., if ab = ba for all a,b € G.
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If (G,x) is an abelian group, we will sometimes use additive notation:
that is, we write a x b as a + b for a,b € G, the inverse of a € GG is denoted
by —a and the identity element is denoted by 0.

Example 1.4. Examples of abelian groups:

(i) (R,+): identity element is 0 € R, the inverse of x € R is —z € R.
Similarly e.g. (Z,+) and (Q, +).

(ii) (R\ {0},): identity element is 1 € R, inverse of z € R\ {0} is 1/z.
Similarly e.g. (C\ {0},-) and (Rso, ).

Example 1.5 (Integers modulo n). Let n > 0 be an integer. For an integer
a € Z, we denote by @ the set of all integers b € Z such that b = a mod n.
In other words,

a=a+nZ.

Note that @ = b if and only if a = b mod n. We define the integers modulo
n as
Z/inZ={a:ae€Z}=1{0,1,...,n—1}.

We define addition and multiplication in Z/nZ by

a—+

a -

I
2| ®
S

+0 for all a,b € Z
for all a,b € Z

S oo

(These operations are well-defined: if @ = o’ and b = ¥/, then a + b = a/ + V/
and ab = a’b'.) Then (Z/nZ,+) is an abelian group of order n, called the
additive group of integers modulo n.

Multiplication in Z/nZ is associative and has multiplicative identity 1.
But (Z/nZ,-) is not a group, since not every @ has an inverse (for example
a = 0). In general, for @ there exists b such that @ - b = 1 if and only if
ged(a,n) = 1. The set of invertible elements

(Z/)nZ)* ={a: ged(a,n) =1}

forms a group ((Z/nZ)*, ), which we call the multiplicative group of integers
modulo n.

The order of (Z/nZ)* is given by the number of integers 1 < a < n such
that ged(a,n) = 1. In other words |(Z/nZ)*| = ¢(n), where ¢ is the Euler
totient function.
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Remark 1.6. Recall that for p any prime number, we have ¢(p) = p — 1,
and ¢(p*) = p*~(p — 1) for all k > 1. More generally, for n > 0 with prime
factorization n = plfl ..M we have

wea(o-3) (-2

As a consequence of this formula, for n,m > 0 with ged(m,n) = 1, we have

¢p(nm) = ¢(n)o(m).

Example 1.7. Recall that a ring is a triple (R, +,+), where R is a set and
+ and - are binary operations on R such that the following hold:

e (R,+) is an abelian group;

e Multiplication - is an associative binary operation on R with identity
1 e R,

e Multiplication is distributive over +, in other words (a + b)c = ac + bc
and a(b+ ¢) = ab+ ac for all a,b,c € R.

A ring R is commutative if ab = ba for all a,b € R. For a ring R, we
denote the set of invertible elements in R by R*, in other words

R*={x € R:xy=yx =1 for some y € R}.

Then (R*,-) is a group, and called the group of units of R. A field is a
commutative ring (R, +, ) such that every non-zero element has an inverse,
in other words R* = R\ {0}.

For example, (Z/nZ,+,-) is a commutative ring with group of units
((Z/nZ)*,-), and Z/nZ is a field if and only if n is a prime number. Other
examples of fields are (Q, +,-), (R, +,), and (C,+,-). The integers (Z, +, -)
form a commutative ring which is not a field.

Definition 1.8 (Symmetric groups). Let  be a set. The symmetric group
on € is the group (Sym(f2), o), where

Sym(Q) = {f: Q2 — Q| f is a bijection }

and o is composition of functions. The identity element is the identity map
1:Q — Q defined by 1(z) = z for all x € Q. If Q@ = {1,...,n} for some
integer n > 0, we denote Sym(2) = S,. In this case | Sym(Q)| = n! (n
factorial).
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If Q={wy,...,w,}, then for g € Sym(Q) we denote

. W] Wy - W,
IT N\ e W)
where g(w;) = w} for 1 <i <mn.

Definition 1.9. Let n > 0 be an integer, and let (iy, ..., i) be a k-tuple of
distinct integers from {1,2,...,n}. The k-cycle corresponding to (i1, ..., i)
is the permutation o € S,, defined by

o(iy) = i4yq forall 1 <t <k,

O'(Zk) = ’il,

o(d)=dforallde{1,2,....,n}\ {i1,... i}
We denote o = (i1 ig -+ ix). A 2-cycle is called a transposition.

Example 1.10. In S5, every element is a cycle: we have
Sy ={(1),(12),(13),(23),(123),(132)}.

With the group operation we have defined, we have e.g. (1 2)(1 3) = (1 3 2)
and (12 3)(23) =(12). InS, for n > 4, you also have elements o € S,
which are not cycles, for example 0 = (1 2)(3 4) and 0 = (1 2 3)(4 5).

Example 1.11. Exercise: If [ > 3, then Sym({2) is not abelian.

Definition 1.12 (General linear group). Let n > 0 be an integer, and let F
be a field (for example, F = Q or F = C). The general linear group of degree
n is the group (GL,(F),-), where GL,(F) is the set of invertible (n x n)-
matrices with entries in IF, and the group operation is matrix multiplication.

It is easy to check that GL,(F) is a group, with the identity matriz

as the identity element.

Example 1.13. A square matrix with entries in a field is invertible if and
only if it has nonzero determinant. Thus for example:

GLy(R) = {(Z Z) ca,b,c,d € R and ad—bc#O}.

6
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Example 1.14. Let p be a prime. An important example of a field is
(Z/pZ,+,-), which we will denote by F,. We denote GL,(p) := GL,(F,)
for all n > 0. Then for example:

a6 )60 D€ Y

1.1 Isomorphisms

Definition 1.15. Let (G,*) and (H,) be groups. A map ¢ : G — H is
called an isomorphism, if ¢ is a bijection and ¢(a * b) = p(a) * p(b) for all
a,b € G. If there exists an isomorphism G — H, we say that G and H are
isomorphic and denote this by G = H.

If two distinct groups are isomorphic, they have the exact same multipli-
cation table, just with different names for the elements (the different names
are given by an isomorphism ¢). Therefore as groups their internal struc-
ture is the same, and they have the same group-theoretical properties. For
example, if G =2 H, then G is abelian if and only if H is abelian.

Example 1.16. Let (G,*) be a group with G = {1,a,b} and with the
following multiplication table:

SN Q| ¥
SN Q| =
= QR
L = o

Suppose that (H,x) is a group such that G = H, and let ¢ : G — H
be an isomorphism. Denote 1’ := (1), d’ := p(a), and ¥’ = p(b). Then
H={1,d,b}. Since p(z)*p(y) = p(x*y) for all x,y € G, we see that the
multiplication table of H is as follows:

A |V a

111 d ¥V
ald bV 1
b/ b/ 1/ a/

So the table is exactly the same as for (G, x), just the names of the
elements are different. In this particular example, you can also check that

(G, %) = (Z/)3Z,+).
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Example 1.17. An isomorphism ¢ : G — G is called an automorphism.
For any group G, the identity map ¢ : G — G defined by ¢(g) = g is an
automorphism. If G is an abelian group, then the inverse map g — ¢!
defines an automorphism of G.

Example 1.18. For any field F, we have GL,(F) = F*.

Example 1.19. Let V be an n-dimensional vector space over a field F. Then
the general linear group on V is the group (GL(V'),o0), where GL(V) is the
set of all bijective linear maps V' — V', and o is composition of functions.

Fix a basis ey, ..., e, of V. For f € GL(V), let A be the (n x n)-matrix
Ay = (Ayj), where f(e;) = 37 Ajej for all 1 <4 < n. Then the map
f+— Ay defines an isomorphism GL(V) — GL,(F).

Remark 1.20. Isomorphism forms an equivalence relation in any nonempty
collection G of groups. In other words, for all A, B, C' € G the following hold:

o A= A. (reflexivity)
o If AX B, then B~ A. (symmetry)
o f A= B and B=C, then A = C. (transitivity)

One type of problem that group theorists have studied since the early
days of group theory are various classification problems, which are roughly
speaking of the form “classify all groups G with property P up to isomor-
phism”. A solution to such a problem would be a collection G (described as
explicitly as possible) of groups such that:

e Every X € G is a group with property P;

e f XY €eGand X #VY, then X 2V

e If G is a group with property P, then G = X for some X € G.

Here are two fundamental classification problems in finite group theory.

Problem 1.21. Let n > 0 be an integer. Classify all groups of order n up to
isomorphism. In other words, describe a set G, such that all of the following
hold:

(i) X s a finite group of order n for all X € G,;
(i) If X, Y € G, and X #Y, then X 2Y;

(i) If G is a group of order n, then G = X for some X € G,,.

8
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The cardinality of a set G,, as in Problem 1.21 is called the group number
of n, and denoted by gnu(n) := |G,|. (Exercise: show that 1 < gnu(n) < co
for all integers n > 0.)

Problem 1.22. Let n > 0 be an integer. What is the value of gnu(n)?

There is no hope currently for a complete solution for these problems,
except for specific values of n. The history goes back to Cayley!, who in
1854 introduced the abstract definition of groups and classified groups of
order 6. In modern notation, Cayley showed that if G is a finite group of
order 6, then G = Z/6Z or G = S;.

Currently the value of gnu(n) is known for n < 2048. It is known that

gnu(2048) > 1774274116992170 ~ 1.77 - 10'°

but the precise number of groups of order 2048 remains unknown??2. The
value of gnu(n) is also known for special values of n, such as prime powers
n = pF with k < 7. For example, for any prime p, we have gnu(p) = 1,
gnu(p?) = 2, gnu(p?®) = 5, and

14, if p=2;
gnu(p*) = {

15, ifp>3.
51, if p =2
gnu(p®) = ¢ 67, if p = 3;

61+42p+2ged(p—1,3) +2ged(p—1,4), ifp>5.

The results and the theory that we develop during this course will allow
us to describe G,, and gnu(n) for some specific values of n. See Table 1 for a
list of small values.®

Besides classifying various classes of groups up to isomorphism, another
thing that we want to understand in group theory is the structure of a given
group G. By “structure”, we usually mean the various algebraic properties®

LA. Cayley. On the theory of groups, as depending on the symbolic equation 0™ = 1.
Philos. Mag., 4(7):40-47, 1854.

2J. H. Conway, H. Dietrich, E. A. O'Brien, Counting groups: gnus, moas, and other
exotica. Math. Intelligencer 30 (2008), no. 2, 6-18.

3B. Eick, M. Horn, A. Hulpke, Constructing groups of ‘small’ order: recent results and
open problems. Algorithmic and experimental methods in algebra, geometry, and number
theory, 199-211, Springer, Cham, 2017.

4See for example https://oeis.org/A000001 for more values.

SHere is a formal definition: A property P is an algebraic property (or isomorphism-
invariant) if it is preserved under isomorphisms. In other words, if G and H are isomorphic
groups, then G has property P if and only if H has property P.
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n  gnu(n) n  gnu(n) n  gnu(n) n  gnu(n) n  gnu(n)
0 0 13 1 26 2 39 2 52 )
1 1 14 2 27 ) 40 14 53 1
2 1 15 1 28 4 41 1 54 15
3 1 16 14 29 1 42 6 55 2
4 2 17 1 30 4 43 1 56 13
5 1 18 5 31 1 44 4 57 2
6 2 19 1 32 o1 45 2 58 2
7 1 20 5 33 1 46 2 59 1
8 5 21 2 34 2 47 1 60 13
9 2 22 2 35 1 48 52 61 1
10 2 23 1 36 14 49 2 62 2
11 1 24 15 37 1 50 5 63 4
12 5 25 2 38 2 51 1 64 267

Table 1: Values of gnu(n) for 0 < n < 64.

that are associated with GG and its elements. The sections that follow will
introduce some of the basic algebraic properties that are studied in group
theory.

1.2 Order of an element

By associativity, we do not need to worry about brackets when multiplying
elements in a group GG. For example, for n = 4 and for any a4, as, a3, a4 € G
it is easy to see that the products

a1(az(azas)), ar((azaz)as), (a1a2)(azas), (a1(azaz))as, ((araz)as)ay

are all equal, and thus can be denoted by ajasasas without ambiguity.
More generally, we have generalized associativity: for ay, as, ..., a, € G
the product ajas - - - a, € G is uniquely determined. That is, we get the same
element regardless of the choice of brackets (Exercise: prove this by induction
on n).
Thanks to generalized associativity, we can define powers of elements in
a group.

Definition 1.23. Let G be a group. For a € G, we denote a’ = 1¢, a! = a,
and more generally a” = aa---a (n times) for an integer n > 1. We define
a™" = (a!)" for all n > 0. It is easy to check that for all @ € G and for all
m,n € Z, we have a™a"” = a™*" and (a™)" = a™".

Remark 1.24. If G is an abelian group and if we are using additive notation,
we shall instead write 0a = 0, la = a, and na = a + --- + a (n times) for
integers n > 1. Similarly (—n)a = —(na) for all n > 0.

10



Topics in Algebra: Group Theory Mikko Korhonen

Definition 1.25. Let G be a group and let g € G. The order |g| of g is
defined as follows. If the elements g, g%, ¢, ¢*, ... are all distinct, we say
that g has infinite order and define |g| = oco. If there exist distinct integers
r, s such that ¢" = ¢°, then we say that ¢ has finite order. When ¢ has finite
order, there exists n > 0 such that ¢" = 1. In this case we call the smallest
such n the order of g and define |g| = n.

Example 1.26. (i) Let G = S,, and consider a k-cycle o = (i1---iy).
Then |o| = k.

(ii) Let G = (Z/nZ,+). Then 1 has order n in G.
(iii) Let G = (Z,+). Then every a € Z \ {0} has infinite order in G.

Lemma 1.27. Let G be a group and let g € G be an element of finite order
gl = n.

(i) Let m € Z. Then g™ =1 if and only if n divides m.

(ii) Let k > 0. Then |g*| = PICHOR

(iii) Let k > 0 and suppose that k | n. Then |g*| = B

(iv) {¢*: keZ}={1,g9,...,9" '}

Proof. (i) By Euclidean division, we can write m = gn +r with ¢ € Z and
0 <r <n. Nowg™=(g")¢g" = g" since g" = 1, so we have ¢" =1
if and only if g" = 1. Since n is the smallest positive integer such that
g" = 1, we have ¢" = 1 if and only if » = 0, which is equivalent to
n | m.

(ii) First note that
(gk)n/ ged(k,n) _ (gn)k/ ged(k,n) 1.
Next consider d > 0 such that (¢*)¢ = 1. Then by (i) we have n | kd,

which implies
n k

d.
ged(k,n) | ged(k,n)

Since ng(ng (k) m) = 1, it follows that
n
— | d.
ged(k,n) |

Therefore |g*| = edli)

11
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(iii) Immediate from (ii).

(iv) By (i), we have ¢' = ¢/ if and only if i« = j mod n, from which the
claim follows.

]

We end this section with some results about the order of the product xy
of two elements x and y in a group G.

Lemma 1.28. Let G be a group and let x,y € G. Then |xy| = |yz|.

Proof. We will show that for n > 0, we have (zy)" = 1 if and only if (yx)" =
1, from which the lemma follows. For this, we can write

(zy)" = (zy)(@y) -~ (zy) = x(y2) - - (yo)y = 2(yz)" "'y,
so (zy)" = 1 if and only if z(yx)" 'y = 1. Multiplying both sides on the left
by y, we see that x(yz)" 'y = 1 is equivalent to (yx)"y = y, which in turn
is equivalent to (yz)" = 1, by cancelling out y. O

Lemma 1.29. Let G be a group and let x,y € G be elements of finite orders
|z| = m and |y| = n. Suppose that vy = yx and that gcd(m,n) = 1. Then
|zy| = mn.

Proof. Since xy = yx, it is easy to see that (xy)? = x%y? for all integers d € Z.
In particular, we have (xy)™" = 1 since 2 = 1 and y™ = 1. Suppose now
that (zy)? = 1. Then 2¢ = y~¢, and powering both sides by n shows 2% = 1.
Therefore m | dn, which implies m | d since ged(m, n) = 1. Similarly we have
y? = 7%, and powering both sides by m shows that y™ = 1, which implies
n | d. Therefore m | d and n | d, which gives mn | d since ged(m,n) = 1.
Thus |zy| = mn. O

Note that both assumptions in Lemma 1.29 are necessary:

e Consider any nontrivial element x € G of finite order and let y = z 7.

Then zy = yx. But |zy| = 1, so |xy| # |z||y|.

e Consider G = S5 and any x,y € G with |z| = 2 and |y| = 3. Then
ged(|z], [y]) = 1. But [zy| = 2, so [xy| # [z[[y].

In general, suppose that x,y € G are nontrivial elements of finite order.
There are examples where zy has infinite order (Exercise 1.3). If zy has finite
order, what do |z| and |y| tell us about |zy|? By the following result, the
answer is “absolutely nothing”.

12
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Theorem 1.30 (Miller, 1900). Let m,n,¢ > 1 be integers. Then there exists
a finite group G which contains elements x and y such that |z| = m, |y| = n,
and |xy| = ¢.

Proof. Omitted. m

As a historical note, the first proof of Theorem 1.30 was given in a paper
of G. A. Miller® from 1900. Let k¥ = max(m,n,f). In his paper, Miller
constructs explicitly permutations z,y € Skyo such that |z| = m, |y| = n,
and |zy| = ¢. The proof by Miller is a somewhat lengthy calculation involving
many different cases. Since 1900, the result has been rediscovered” several
times and shorter proofs have been found.

1.3 Subgroups

One basic thing that we want to understand about a group G is its subgroup
structure, that is, the groups that are contained inside of G.

Definition 1.31. Let (G,*) be a group. A subset H C G is a subgroup, if
H is closed under the binary operation *x and H equipped with % is a group.
We denote this by H < G.

Note that if H is a subgroup G, then H and G must have the same
identity element. Indeed, suppose that x = 1y is the identity element of
H. Then 2? = x, so multiplying both sides by z~! shows that z = 1.
Throughout these notes, we will use the following lemma to check whether a
subset H C ( is a subgroup.

Lemma 1.32. Let G be a group. A subset H C G is a subgroup if and only
iof all of the following hold:

(i) lq € H;
(ii) ab € H for all a,b € H;
(iii) a=' € H for alla € H.

Proof. 1f H is a subgroup of G, then 15 € H as seen above, so (i) holds. Pro-
perty (ii) holds by definition, and (iii) holds since H is a group and inverses
are unique in G. Conversely if (i) — (iii) hold then H is a subgroup; we only
need to check associativity and this follows immediately from associativity
in G. 0

6G. A. Miller, On the Product of Two Substitutions, American Journal of Mathematics,
Vol. 22, No. 2 (Apr., 1900), pp. 185-190.

7J. Kénig, A note on the product of two permutations of prescribed orders, European
J. Combin. 57 (2016), 50-56.

13
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Example 1.33. Examples of subgroups:

(i) Let G be a group. Then G itself is a subgroup of GG, and moreover the
trivial subgroup {1} is always a subgroup of G.

(ii) (Z,4) < (Q,+) < (R, +) < (C, +).
(iii) GL,(Q) < GL,(R) < GL,(C).

(iv) Let n > 0 be an integer and let F be a field. We define the special linear
group SL,(F) as

SL(F) = {A € GL(F) : det(A) = 1}.

Since det(AB) = det(A)det(B) and det(A™!) = 1/det(A), it follows
that SL,(F) is a subgroup of GL,(F).

Example 1.34. If GG is finite and H C (G is a nonempty subset closed under
products, then H is a subgroup. This follows from the fact that a ¢ € H has
some finite order n, so ¢" = 1 isin H, and ¢" ! = ¢g~! is also in H. (More
generally, this works if every element of G has finite order.)

However, in general closure under the group operation is not enough.
Consider H = Z>¢ in G = (Z,+). Then H equipped with + contains the
identity element and is closed under addition. But clearly H is not closed
under taking inverses, so H is not a subgroup.

Definition 1.35. Let H be a subgroup of a group G. If H < G, we say that
H is a proper subgroup. If H # {1}, we say that H is a nontrivial subgroup.

Lemma 1.36. Let G be a group. Then the intersection of any collection of
subgroups of G is a subgroup.

Proof. Any subgroup contains the identity, so the same is true for their in-
tersection. The intersection is also closed under products and inverses since
the subgroups are. O

Definition 1.37. Let G be a group and S C G. We define the subgroup
generated by S as the intersection of all subgroups of GG that contain S. We
denote the subgroup generated by S with (S) := Nscp<gH. For zy, ...,
x, € G, we denote (z1,...,x,) == ({x1,...,2,}).

Definition 1.38. A group G is said to be finitely generated if G = (x4, ..., x,)
for some z1,...,x, € G.

Lemma 1.39. Let G be a subgroup and S C G. Then:

14
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(i) (S) is the smallest subgroup of G that contains S. In other words, if
S CH<G, then (S) < H.

(ii) We have
(SY={9g€G:g=s7"--s" for somen >0,s;, €S and e; € {1,—1}}.
Here for n =0, we interpret s5' - - si» = 1 (empty product).

Proof. (i) Since (S) is the intersection of some subgroups of G, it is itself
a subgroup of G. For S C H < GG, we have (S) < H by the definition
of (S) as the intersection of all subgroups of G that contain S.

(ii)) Let H ={g € G: g =s7"---s» forsome s; € S and ¢; € {1,—1}}.
We have S C H and clearly H is contained in every subgroup of G
that contains S, in particular H C (S). We will show that H is a
subgroup, from which it follows that (S) = H. To this end, it is clear
that 1 € H and that H is closed under multiplication. Closure under
inverses follows from (sj!---s&")~t = s ... 57" so H is a subgroup.

O
1.4 Cyclic groups

Definition 1.40. A group G is said to be cyclic if G = (g) for some g € G.

Example 1.41. For all n > 0, the group Z/nZ is cyclic of order n, and Z is
infinite cyclic.

In this section, we will describe the basic properties of cyclic groups.
Lemma 1.42. Let G be a group and g € G.
(i) (9) ={g": k € Z}.

(i1) If g has finite order |g| = n, then (g) is a subgroup of order |g| and
(9) ={Lg,....g"'}.

Proof. (i) Follows from Lemma 1.39.

(ii) Follows from (i) and Lemma 1.27.
[

Lemma 1.43. Let G and H be cyclic groups. Then G = H if and only if
|G| = |H|. In particular:

15
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(i) If G has finite order n, then G = Z/nZ.
(ii) If G has infinite order, then G = Z.

Proof. If G = H, then |G| = |H|. Conversely if G = (g) and H = (h) are
cyclic groups of equal order, check that ¢g* — h* defines an isomorphism
G — H. Then (i) follows since Z/nZ is cyclic of order n, and (ii) since Z is
infinite cyclic. m

Lemma 1.43 justifies the following notation.
Definition 1.44. We denote a cyclic group of order n by C,.
Next we will describe the subgroups of cyclic groups.
Lemma 1.45. Fvery subgroup of a cyclic group is cyclic.

Proof. Let G = (g) be cyclic and let H < G be a subgroup. Then there exists
g% € H with d > 0, choose d to be minimal. We will show that H = (g¢). It
is clear that (¢%) < H.

To show that H < (¢g%), let h € H and write h = ¢g* with k € Z. By
Euclidean division, we can write k = gd+r with ¢ € Z and 0 < r < d. Then
9" = (9",
which implies ¢" € H. By minimality of d we have r = 0, so h = g% ¢
{g%). O
Lemma 1.46. Let G = (g) be a cyclic group of order n > 0.

(i) Let k € Z. Then (g*) = (gecdkm).
(ii) Ewvery subgroup of G has the form {(g%) for some d | n.

)
)
(iii) Letd |n. Then G has a unique subgroup H of order d, and H = (g"/9).
(iv) Let k € Z. Then (g*) = G if and only if gcd(k,n) = 1.

)

(v

Proof. (i) By Bézout’s lemma, we can write Ak + un = ged(k, n) for some
M\ € Z. Since g" = 1, this shows that g&°dkn) = ¢ ¢ (g% so
(geeden)y < (gky. On the other hand |g¥| = |¢g&°d*™)| by Lemma 1.27
(i)(iid), so (g=1®m)) = (g").

(ii) Since ged(k,n) divides n, this is immediate from (i).

The number of generators of G is equal to ¢(n).

16
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(iii) Let H < G be a subgroup of order d, where d | n. By (ii) we have
H = (g") for some d' | n. Since |¢g%| = n/d’ by Lemma 1.27 (iii), it
follows that d = |H| =n/d’, so d' = n/d.

(iv) We have (¢g*) = G if and only if |g*| = n, so this follows from Lemma
1.27 (ii).

(v) Follows from (iv).
[

Remark 1.47. Let G = (g) be cyclic of order n. By Lemma 1.46 (ii) — (iii),
the number of subgroups of GG is equal to the number of divisors of n, with
d | n corresponding to the subgroup (g™/?) of order d. For example if G = {(g)
is cyclic of order 6, then G has a total of 4 subgroups: {1}, {(¢%), (¢*), and

(9)-

Lemma 1.48. Let G = (g) be a cyclic group of infinite order.
(i) Let d € Z\ {0}. Then (g% is infinite cyclic.

(ii) Every subgroup of G has the form (g?) for some d > 0.
(i) (g%) < (%) if and only if &' | d.

(iv) (g9 = (¢%) if and only if d = +d'.
(v) (g% = G if and only if d = +1.

Proof. (i) Note first that since g has infinite order, for all k, ¢ € Z we have
g* = g% if and only if k = £. If (g?) is finite, we have g% =1 = ¢° for
some k > 0, which gives dk = 0 and thus d = 0.

(ii) By Lemma 1.45, every subgroup of G is of the form (g*) for some k € Z.
If k> 0 we are done with k = d. If d < 0, then (¢*) = (g7*) and the
claim follows with d = —k.

(iii) We have (g%) < (¢%) if and only if g? € (¢%). Now g € (g%} if and
only if g¢ = ¢%* for some k € Z, equivalently d = d'k for some k € Z
since ¢ has infinite order. Therefore g € (¢g¢) if and only if d’ | d.

(iv) By (iii), we have (¢%) = (¢%) if and only if d' | d and d | d’, which is
equivalent to d = +d'.

(v) Immediate from (iv).
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1.5 On the structure of (Z/nZ)*

We will now apply the basic results on cyclic groups to describe the structure
of (Z/nZ)* in some cases.

Definition 1.49. Let G be a group and d > 0 an integer. We denote by
04(G) the number of elements of order d in G, in other words the cardinality

of the set {z € G : |z| = d}.

In this section, we will make use of the fact that will be proven later using
Lagrange’s theorem (Corollary 1.81): if G is a finite group, the order of any
x € G divides the order of G. It follows then for a finite group G of order n,

we have
n=|Gl=> 04G).

din
We begin with an elementary result which does not involve any group
theory, but can be proven using some basic properties of cyclic groups.

Theorem 1.50. Let n > 0 be an integer. Thenn =3 ;. ¢(d).

Proof. Let G be a cyclic group of order n. Each element of order d generates
a subgroup of order d, and there is only such subgroup in G by Lemma 1.46
(iii). Therefore 04(G) is equal to the number of generators for a cyclic group
of order d, and so 04(G) = ¢(d) by Lemma 1.46 (v). We conclude then that

n=1G] =Y 0iG)=> ¢(d).
dln din
]

Theorem 1.51. Let G be a finite group such that for all d > 0, the number
of solutions to x4 =1 in G is at most d. Then G is cyclic.

Proof. Denote n = |G|. We have 04(G) = ¢(d)sqa(G), where sq4(G) is the

number of cyclic subgroups of order d in G. (This is because two different

cyclic subgroups of order d cannot have elements of order d in common.)
Since n =}, 04(G), we have

> d(d)sa(G) =D é(d) (1.1)

din din

by Theorem 1.50. If we assume that 2¢ = 1 has at most d solutions for all
d > 0, then s4(G) <1 for all d | n. It follows then from (1.1) that s4(G) =1
for all d | n. In particular s,(G) =1, so G is cyclic. ]
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For a field F, recall that we denote the multiplicative group (F \ {0}, ")
by F*. We will now apply Theorem 1.51 to prove the following fundamental
result about finite fields.

Theorem 1.52. Let F be a finite field. Then F* is cyclic.

Proof. Over any field F, a polynomial of degree d > 0 has at most d roots.
In particular, the polynomial ¢ — 1 € F[z] has at most d roots, so there are
at most d solutions to 2 = 1 in F*. By Theorem 1.51, the multiplicative
group F* is cyclic. O

In particular, we have shown that (Z/pZ)* is cyclic for any prime p > 0.
In general (Z/nZ)* is not cyclic; for example 2% = 1 for all x € (Z/8Z)*, so
(Z/8Z)* does not have an element of order 4 = ¢(8). We now consider the
question of when (Z/p™Z)* is cyclic for a prime number p. We will see that
(Z/p"Z)* is cyclic if p > 2, and usually not if p = 2. First we need some
notation and a lemma.

Definition 1.53. Let n # 0 be an integer and let p be a prime. We denote
by v,(n) the largest integer o > 0 such that p* | n. (In other words, the
unique integer & > 0 such that p® | n and p*™ { n.)

For example, for n = 60 = 2% -3 -5 we have 1n(n) = 2, v3(n) = 1,
vs(n) = 1, and v,(n) = 0 for any prime p > 5.

Lemma 1.54. Let p > 2 be a prime, and let z = 1 mod p. Then the
following hold:

(i) vp(2? — 1) =1p(2 — 1) + 1.
(il) vp(z”" —1) = vy(z = 1) + k for all k > 0.

Proof. (i) Write z = 1+ tp, where t > 1. Then v,(z — 1) = o + 1, where
p® is the largest power of p dividing .

Applying the binomial formula, we get

1= (1+tp)P—1= (p)tp—l— (p)t2p2+~ : ~+< P )tplppl—i-tppp.
1 2 p—1

The first term in the sum is certainly divisible by p®*2, and not by p®*3.

It is easy to see that all of the other terms in the sum are divisible by

p>3, so we conclude that p®*? is the largest power of p dividing 2P — 1.

In other words v,(2? — 1) = v,(2 — 1) + 1.
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(ii) For k =1 the claim is just (i). Suppose that & > 1. Then

k

v = 1) = ("

1

P—1)= l/p(zpk_ —1)+1

by (i), so the claim follows by induction on k.
[l

Theorem 1.55. Let p > 2 be a prime. Then (Z/p"Z)* is cyclic for all
n > 1.

Proof. For n = 1, the claim follows from Theorem 1.52. Suppose then that
n > 1. Our aim is to find an element of order ¢(p") = p"!(p — 1) in
(Z/p™Z)*. For this it will suffice to find an element of order p"~! and (p—1),
as then by Lemma 1.29 their product will have order p"~!(p — 1).

Let g € Z be such that the image of g is a generator of (Z/pZ)*, in other
words ¢ has order p—1in (Z/pZ)*. Then the order of g in (Z/p"Z)* must be
divisible by p — 1, so a suitable power of g will have order p— 1 in (Z/p"Z)*.

For an element of order p"~!, we claim that the image of z = 1 + p has
order p"~!in (Z/p"Z)*. Indeed, by Lemma 1.54 (ii) we have 1,(z"" — 1) =
k+1 for all k > 0. Therefore 27" ' =1 mod p" and 27" ° # 1 mod p", so
2z has order p"~! in (Z/p"Z)*. O

Lemma 1.56. Let z be an odd integer and k > 0. Then the following
statements hold:

(i) If z=1 mod 4, then vy(z* — 1) = 1y(z — 1) + k.

(i) If 2 =3 mod 4, then vy(z% —1) = 1y(z + 1) + k.
Proof. Exercise. O]
Theorem 1.57. Ifn > 3, then (Z/2"Z)* is not cyclic.
Proof. Exercise. (Apply Lemma 1.56.) O

1.6 Homomorphisms

Definition 1.58. Let G and H be groups. A map ¢ : G — H is called a
homomorphism, if p(zy) = p(z)p(y) for all z,y € G.

Rather than only looking at structure-preserving maps which are bijective
(isomorphisms), it is natural to consider structure-preserving maps which are
not necessarily bijections (homomorphisms).

For example, note that if ¢ : G — H is an injective homomorphism, then
it is easily shown that ¢(G) is a group and moreover that ¢ provides an
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isomorphism G = ¢(G) (see Lemma 1.63 (vi) below). In this case we say
that G embeds into H. The question whether a given group G embeds into
another group H comes up all the time in group theory.

If ¢ is not injective, a homomorphic image ¢(G) is still a group: the
multiplication table of ¢(G) is like that of G, except some elements of G are
identified. For example, consider the map

©:Z—Z/nZ, p(x) =7 for all x € Z.

This map is a surjective homomorphism; the image of Z is Z/nZ which as a
group is like (Z, +), except a,b € Z with a = b mod n are identified.

Lemma 1.59. Let G and H be groups and let p : G — H be a homomor-
phism. Then:

T1To - - xg) = o(x1)p(T2) - - p(xg) for all 1,9, ..., 2 € G;

") = @(x)" for allz € G and n € Z;

Proof. (i) For k = 2 this is the definition of a homomorphism, for k£ > 2
apply p(z1xs -+ k) = @(x1)p(xs - - - x1) and induction on k.

(ii) We have ¢(1g)p(1g) = ¢(lgla) = ¢(1le); then multiplying both sides
of o(1g)p(la) = ¢(1g) with p(1¢)™! gives p(1g) = 1g.

(iii) We have p(z)p(z7') = ¢(1g) = 1y by (ii); then multiplying both sides
of p(z)p(x™1) = 15 on the left with p(z)~! gives p(z7!) = p(z)'.

(iv) Follows from (i) - (ii) for n > 0. Then for n < 0 the claim follows from
(iii), since z™ = (z7")L.

]

Definition 1.60. Let G and H be groups and let ¢ : G — H be a homo-
morphism. The kernel of ¢ is the set

Kerp ={g€G:9(g) =1}

Example 1.61. Let G be any group and let ¢ € G. Since g™¢" = g™ for
all m,n € Z, we have a homomorphism ¢ : Z — G defined by ¢(k) = ¢~
for all k € Z. If g has infinite order, then Ker ¢ = {0}. If ¢ has finite order
|g| = n, then Ker p = nZ.
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Example 1.62. Let n > 0 be an integer and let F be a field. We have
det(AB) = det(A)det(B) for all A, B € GL,(F); in other words the deter-
minant map det : GL,(F) — F \ {0} is a group homomorphism. The kernel
consists of A € GL,,(F) with det(A) = 1, in other words, the kernel is SL,, (FF).

Lemma 1.63. Let G and H be groups and let ¢ : G — H be a homomor-
phism. Then:

(i) Kery is a subgroup of G.

(i) For z,y € G we have o(x) = ©(y) if and only if xy~* € Ker .

(iv) If X < G, then ¢(X) < H.

)
)
(iii) ¢ s injective if and only if Ker o = {1}.
)
(v) If Y < H, then o~ (V) < G.

)

(vi) If ¢ is injective, then p(X) = X for all X < G, and in particular
p(G) =G

(vil) If ¢ is injective, then |p(g)| = |g| for all g € G.

Proof. (i) We have 1 € Ker¢ by Lemma 1.59 (ii). If 2,y € Ker then
o(zy) = o(x)p(y) = 1 so zy € Ker ¢. Furthermore p(z7!) = p(z)™! =
1 by Lemma 1.59 (iii), so Ker ¢ is a subgroup.

(i) We have ¢(z) = ¢(y) if and only if ¢(z)p(y)~ = 1, which is equivalent
to ¢(zy~') =1 by Lemma 1.59 (iii).

(iii) If ¢ is injective, then Ker¢ = {1} as otherwise p(x) = ¢(1) for some
g # 1. Conversely suppose that Kerp = {1}. Then ¢(z) = ¢(y)
implies x = y by (ii), so ¢ is injective.

(iv) Since 1 € X, we have ¢(lg) = 1y € ¢(X) by Lemma 1.59 (ii).
Closure under products follows from the definition of a homomorphism,
and closure under inverses from Lemma 1.59 (iii).

(v) We have 1g € ¢ (V) since p(1g) = 1g € Y. If 2,y € o }(Y), then
p(r),p(y) € Y and thus p(z)p(y) = p(zy) € Y, giving 2y € ¢~ (V).
We also have p(y)™' = ¢(y~') € Y by Lemma 1.59 (iii), so y~! €
e 1(Y). Thus ¢~ }(YV) < G.

(vi) If v is injective, then the restriction of ¢ to X provides an isomorphism
X — o(X).
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(vil) We have ¢(g)" = ¢(g") for all g € G by Lemma 1.59 (iv). Thus if ¢ is
injective, then ¢(g)" = 1 if and only if g™ =1, so |¢(g)| = |9g]-
O]

Definition 1.64. Let G be a group and g € G. The inner automorphism
corresponding to g is the map v, : G — G defined by 7,(z) = gzg™! for all
x € G.

Lemma 1.65. Let G be a group and g € G. Then v, : G — G is an
automorphism for all g € G. In particular:

(i) (gzg™ )k = ga*g=! for allx € G and k € Z;
(i) |gzg™| = |z| for all x € G.
Proof. Let g € G. We have

Yo(wa') = gaa'g™" = (grg ") (g92'g™") = vy()7,(2")

for all z,2/ € G, so v, is a homomorphism. We have gzg~! = gyg~' if
and only if = y by the cancellation laws, so v, is injective. Finally v, is
surjective, since z = g(g 'zg)g~! = v,(¢ 'xg) for all z € G. Thus v, is
an automorphism. Now claims (i) and (ii) follow from Lemma 1.59 (iv) and
Lemma 1.63 (vii). O

Next we will prove Cayley’s theorem, which shows that every group is
isomorphic to a subgroup of Sym(Q2) with |Q2] = |G|. In particular, it follows
that a finite group G can be embedded into S,, with n = |G|. For most finite
groups this is not optimal, in the sense that usually one can find smaller
n such that G embeds into S,. (Consider for example G = S, for which
|G| = n! is much bigger than n.)

Theorem 1.66 (Cayley’s theorem). Let G be a group. For g € G, define
maps Ly, Ry : G — G by Ly(x) = g and Ry(x) = xg for allx € G. Then:

(i) Ly and R, are bijections for all g € G.

(ii) The map ¢ : G — Sym(G) defined by ¢(g) = L, for all g € G is an
injective homomorphism.

(iii) The map ¢ : G — Sym(G) defined by ¢(g) = Ry for all g € G is an

injective homomorphism.

Proof. (i) For L, injectivity follows from the cancellation laws (if gz = gy,
then x = y); surjectivity follows from x = g(g~'z). In the same way
we see that 7, is a bijection.
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(i) We have LyLy(x) = Ly(hx) = g(hx) = (gh)x = Lgy(z), so Ly, = LyLy,
for all g, h € G. Thus ¢ is a homomorphism. For injectivity, if L, = Ly,
then in particular L,(1) = Lj(1), so g = h.

(iii) Similar to (ii).
0

The maps Ly in Theorem 1.66 are called left translation maps, and the
homomorphism ¢ is called the left reqular representation. Similarly the R,
are called right translations and the homomorphism 1 is called the right
reqular representation.

1.7 Dihedral groups

We have found that the structure of cyclic groups — that is, groups generated
by one element — is fairly simple to describe. What about groups generated
by two elements? In this case very little can be said in general, as is already
hinted by Theorem 1.30. One special case where we can give a classification
result is when G is generated by two elements of order two.

Definition 1.67. A group G is said to be dihedral, if G = (a,b) for some
a,b € G with |a| = |b] = 2.

Lemma 1.68. A group G is dihedral if and only if G = (x,y) for some
x,y € G such that |v| =2, xyz™' =y, and z & (y).

Proof. Suppose that G is dihedral, say G = (a,b) with |a| = [b] = 2. We
claim that z = a and y = ab works. It is clear that G = (z,y). Moreover
lz| = 2, and xyz~! = a(ab)a = ba =y~ 1.

It remains to check that x ¢ (y). To this end, if x € (y), then = and y
must commute, which implies zyz~! = y. On the other hand zyz~! =y,
so y =y~ ! and thus y*> = 1. But since |z| = 2 and z € (y), we must have
x =y. In other words a = ab, which is impossible since b # 1.

For the other direction, suppose that G = (z,y) for some z,y € G such
that |z] = 2, zyz™ = y~!, and z & (y). Let a = z and b = xy. Then
b = (zyz)y =y 'y =1and b # 1 since = & (y), so |[b| = 2. Thus G = {(a, b)
with |a| = [b] = 2. O

Lemma 1.69. Suppose that G is a group such that G = (x,y) with |z| = 2,
ryr~' =y, and v & (y). Then:

(i) G={a'y :i€{0,1} and j € Z}.
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(i) For all i,ig € {0,1} and j,jo € Z we have
(') (zi0y70) = gitioy(=D"I+io,

(iii) For all i,ip € {0,1} and j,jo € Z we have x'y? = z'oy? if and only if
i =1ip and y? = y’o.

(iv) If ly| < oo, then |G| = 2[y|.

Proof. The proof of (i) and (ii) is based on the following observation. We
have zyr~! = y~1, so by Lemma 1.65 (i) we have xy*z~1 = y~* and thus

zyt =y Fx for all k € Z. (1.2)

This relation will allow us to write any product of involving z, v, and y~* in
the form z'y.

(i) By Lemma 1.39, every g € G can be written in the form g = s7' - - - s,
where s; € {z,y} and ¢; € {1, —1} for all 1 <i <n. We will show that
g can be written in the form z%y’ for some i,j € Z. f n=0o0rn =1
this is clear, so we suppose that n > 1 and proceed by induction on n.
Then

&1 En—1 En __ 0,0 of
g_sl'“Snflsnn_‘rySnn

by induction. If s, = z, then g = 2'(y/z) = 'y~ by (1.2). If s, = v,
then g = z'y/y* = x'y ™. This completes the proof of (i).

(ii) If 49 = 0, then (z'y?)(a'0yl0) = x'toyitio as claimed. If ip = 1, then
(a'y") (ay™) = 2’ (y2)y” = 2’ (wy ™)y = ooy
by (1.2).

(iii) Suppose that z'y’ = 2y for some 4,4y € {0,1} and j,jo € Z. Then
i =y 5o from x & (y) it follows that x'~% = 1. This implies
i = ip, and then from z'y’ = 2097 we conclude that y/ = y%°.

(iv) Follows from (i) and (iii).
[l

As a consequence of Lemma 1.69, the structure of a dihedral group G =
(z,y) with |z| = 2, zyz™' = y~!, and x & (y) is determined by the order of
y. More precisely, we have the following result.
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Lemma 1.70. Let G = (z,y) and H = (z,w) be groups such that the follo-
wing hold:

1

o |z[=2 aya~t =y~ and x & (y);

o 2| =2, zwz"t =w™, and z € (w).
Then G = H if and only if |y| = |w|.

Proof. Suppose first that G = H. Then in particular |G| = |H|. If G and H
have infinite order, then by Lemma 1.69 (iv) we must have |y| = |w| = co.
Similarly if |G| = |H]| is finite, then |G| = 2Jy| and |H| = 2|w| by Lemma
1.69 (iv), so |y| = |w.

For the other direction, suppose that |y| = |w|. Apply Lemma 1.69
i) — (iv) to conclude that we can define an isomorphism ¢ : G — H by
o(z'y?) = z'w? for all 4,5 € Z. (The details are left as an exercise.) O

At this point we have essentially classified the dihedral groups, but we
have not yet shown that they exist. One way to do this would be to use the
multiplication rule in Lemma 1.69 (ii), in which case the main thing to check
is that this defines an associative binary operation. We will later see this as
part of a more general construction (semidirect products), so we will instead
proceed with the following construction using symmetric groups.

We construct groups G' = (x,y) such that || =2, zyz™' =y~L, 2 & (y);
for all possible values of |y|. In view of Lemma 1.70, this provides us with
all dihedral groups up to isomorphism.

e |y| = 1: Consider z,y € Sy with x = (1 2) and y = (1). We denote

Dy = (z,vy).

e |y| = 2: Consider z,y € Sy with x = (1 2) and y = (3 4). We denote
Dy = (z,y).

e 3 < |y| < oco: write n = |y|. Consider z,y € S,, where bijections

z,y:{l,....,n} = {1,...,n} are defined by
z(i)=n+1—iforalll<i<n,

and y is the n-cycle
y = (1 2 o .. n)

We denote Dy, = (z,y). (Note that Dg = ((1 3),(1 2 3)) = S553.)
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e |y| = co: Consider z,y € Sym(Z), where the bijections x,y : Z — Z
are defined by

x(i) = —i for all i € Z,
y(i) =i+ 1 for all i € Z.
We denote Do, = (,y).

In all of the cases above, it is readily checked that |z| = 2, zyx™" =y,

x & (y), and that |y| is as claimed. We call D, the infinite dihedral group,
and for n > 1 we call Ds,, the dihedral group of order 2n.

Theorem 1.71. Let G be a dihedral group, say G = (a,b) with |a| = |b] = 2.
The following statements hold:

(1) If |ab| is infinite, then G = D.
(i) If |ab] = n is finite, then G = Ds,,.

Proof. By the proof of Lemma 1.68, for z = a and y = ab we have G = (z,y)
with |z| = 2, zyz™' = y~', and = € (y). Then the theorem follows from
Lemma 1.70 and the construction of Do, and Ds,,. O

1.8 Quaternion group Qs

An important example of a non-abelian group is the quaternion group of
order 8, which is denoted by ()s. We construct )s as a group of 2 x 2
complex matrices as follows:

QS = {j:17 :l:Z7 ij? :l:k}

with

where i denotes the imaginary unit i> = —1 in C. A calculation shows that
the following relations hold:
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ij=k=—ji
jk =i=—kj
ki=j=—ik

from which it follows that Qg is a non-abelian® subgroup of GLy(C).

Remark 1.72. This construction is closely related to the quaternion algebra
H, which is isomorphic to the following R-algebra of matrices:

, , _ a+bi c+di)
Rl@R@@R]@Rk—{(_c+di a_bi).a,b,c,dE]R}

Remark 1.73. We have previously seen that the dihedral group Dg is anot-
her example of a non-abelian group of order 8. However, we have Qg 2 Ds.
One way to see this is to note that Dg and (Jg do not have the same number
of elements of order 2. (Exercise: For G = Dg and G = Y, determine the
order of each element.)

1.9 Cosets and products of subsets

Let GG be a group and 5,7 C G. We define the product of the subsets S and
T by
ST ={st:se S,teT}.

Since the group operation is associative, we also have associativity for pro-
ducts of subsets: A(BC) = (AB)C for any subsets A, B,C C G. It follows
then that for any finite number of subsets Ay, As, ..., Ay C G the product
A1Ay -+ - Ay is uniquely determined and equals {ajas -+ ay : a; € A;}.

For g € G and S C GG, we define the left and right translates of S by ¢ as

gS ={gs:s €S},
Sg={sg:seS},

respectively. Recall from Cayley’s theorem (Theorem 1.66) that the left
translation maps x — gx and right translation maps x — xg are bijections
for all ¢ € G. Thus |gS| = |Sg| = |S] for all S C G and g € G; moreover
S =T if and only if ¢S = ¢T if and only if T'g = Sg for all S,T C G and
g €@q.

8Quaternions were discovered by Hamilton in 1843. Here is a quote from the paper
where he first defined quaternions: “... though it must, at first sight, seem strange and
almost unallowable, to define that the product of two imaginary factors in one order differs
(in sign) from the product of the same factors in the opposite order (ji = —ij)..”
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Definition 1.74. Let H be a subgroup of a group G. A left coset is a subset
of the form gH, where g € G. Similarly, a right coset is a subset of the form
Hg, where g € G.

For any H < G, it is clear that GG is the union of left cosets: we have

G:UgH.

geG

Moreover, it follows from the next two lemmas that the left cosets of H are
pairwise disjoint: for all a,b € G we have either aH = bH or aH NbH = ().

Lemma 1.75. Let H be a subgroup of a group G and let a € G. Then
aH = H if and only if a € H.

Proof. If aH = H, then a € H since 1 € H and a = al. Conversely if
a € H, then aH C H is clear and H C aH follows from h = a(a™'h) for all
heH. [

Lemma 1.76. Let H be a subgroup of a group G and let a,b € G. The
following statements are equivalent:

Proof. We prove (i) = (ii) = (iii) = (iv) = (i):

(i) = (ii): We have a € aH = bH, so a = bh for some h € H; therefore
bla€ H.

(i) = (iii): If b™'a = h € H, then a = bh € bH.
(iii) = (iv): If @ = bh for some h € H, then b = ah™' € aH.

(iv) = (i): If b = ah for some h € H, then a~'b € H. By Lemma 1.75
we have a 'bH = H, so multiplying both sides by a gives
bH = aH.
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Analogously to Lemma 1.76, for right cosets we have Ha = Hb if and
only if ba™! € H if and only if a € Hb if and only if b € Ha. Therefore the
right cosets of H are also pairwise disjoint.

Definition 1.77. Let H be a subgroup of G. Then the cardinality of the
set of left cosets {aH : a € G} is called the index of H in G and denoted by
[G : H]. (It is possible that [G : H] is infinite. For example, for H = {1} we
have [G : H] = |G].)

Remark 1.78. By the axiom of choice’, we can always find a subset S C G
such that S contains precisely one element from every left coset of H in G.
In other words:

e Any left coset of H in G is of the form aH for some a € S;

e For all a,b € S we have aH = bH if and only if a = b.

Then |S| =[G : H], and G can be written as the disjoint union
G = U xH.

Such a subset S is called a set of left coset representatives for H in G, or
a left transversal for H in G. A right transversal for right cosets of H is
defined analogously.

Example 1.79. Let G = S5 and let H be the subgroup H = {(1), (1 2)}.
Then [G : H] = 3, and the left cosets of H are

H={(1),(12)}
(13)H ={(13),(123)}
(23)H ={(23),(132)}

The right cosets of H are

H={(1),(12)}
H(13)={(13),(132)}
(23)={(23),(123)}

Note that H is both a left and right coset, but neither H(1 3) nor H(2 3) is
a equal to a left coset.

9The use of axiom of choice in this remark is unavoidable. It was shown in Theorem 1
of “K. Keremedis, Some equivalents of AC in algebra. II., Algebra Universalis 39 (1998),
no. 3-4, 163-169.” that the axiom of choice holds if and only if every subgroup of every
abelian group has a left transversal.
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We could also define the index of a subgroup using right cosets, since the
set of left cosets and the set of right cosets have the same cardinality'®. In
any case, since |[aH| = |H| for all a € G, in the case of finite groups we get
Lagrange’s theorem:

Theorem 1.80 (Lagrange’s theorem). Let G be a finite group and let H < G.
Then |H| - [G : H] = |G|. In particular, the order of H divides the order of
G.

Corollary 1.81. Let G be a finite group and g € G. Then |g| divides |G|.

Proof. The claim follows from Lagrange’s theorem with H = (g), since |H| =
|g| by Lemma 1.42 (ii). O

Corollary 1.82. Let G be a finite group. Then g'°! =1 for all g € G.
Proof. Since ¢!9! = 1, the claim follows from Corollary 1.81. O
Corollary 1.83. Let G be a finite group of prime order. Then G is cyclic.

Proof. Let x € G be a nontrivial element. Since |z| > 1 divides |G|, we have
|z| = |G| since |G| is a prime number. Since (z) is a subgroup of order |z|
(Lemma 1.42 (ii)), we conclude that G = (z). O

From Corollary 1.83 and Lemma 1.43, it follows that gnu(p) = 1 for all
primes p.

Example 1.84. Let G = S3. By Lagrange’s theorem, we know that any
subgroup of GG has order 1, 2, 3, or 6. We see then that G has a total of 6
subgroups:

e Order 1: trivial subgroup {(1)};
e Order 2: three cyclic subgroups ((1 2)), ((1 3)), and ((2 3));
e Order 3: one cyclic subgroup ((1 2 3));

e Order 6: the group G itself.

Example 1.85. Let G = (Js. As in the previous example, we can apply
Lagrange’s theorem to see that GG has a total of 6 subgroups:

e Order 1: trivial subgroup {1};

9You can check that aH — Ha ™! is a well-defined bijection between the left cosets
and the right cosets of H in G.
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e Order 2: cyclic subgroup {1, —1};
e Order 4: three cyclic subgroups (i), (j), and (k);

e Order 8: the group G itself.

Lemma 1.86. Let K < H < G. Then:
(i) [G : K] is finite if and only if both |G : H| and [H : K] are finite.
(ii) If [G : K] is finite, then |G : K] =[G : H][H : K].

Proof. Let X be a set of left coset representatives for H in G, and let Y be
a set of left coset representative for K in H (Remark 1.78).

We will show that Z = {zy : © € X,y € Y} is a set of left coset
representatives for K in G, and that |Z| = |X x Y|. Indeed, consider a left
coset gK, where g € G. Then g € xH for some z € X, so g = xh for some
h € H. Now h € yK for some y € Y, so g € zyK. Thus every left coset of
H is of the form zK for some z € Z.

Next we show that if zyK = 2/y/K for some z,2/ € X and 3,y € Y,
then x = 2’ and y = /. To this end, if xyK = 2’y K, then zy € 2'y/ K, and
thus x € 2’H since y,y € H. Therefore x = 2’ since X is a set of left coset
representatives for H in G. Thus xyK = xy K, which implies yK = y'K
and so y = 1/ since Y is a set of left coset representatives for K in H.

We have seen that Z is a set of left coset representatives for K, and
moreover we have proven that [G : K] = |Z| = |X x Y. Since | X| =[G : H]
and |Y| = [H : K], both claims (i) and (ii) follow. O

Lemma 1.87. Let H and K be a subgroups of a group G. Suppose that
(G : H] and |G : K] are finite. Then |G : HN K] is finite, and [G: HN K] <
G : H||G : K].

Proof. Each left coset of H N K is the intersection of a left coset of H and a
left coset of K, since g(HNK) = gHNgK for all g € G. Thus HNK has only
finitely many left cosets, and the total number is at most |G : H][G : K|. O

Lemma 1.88. Let G be a group and let H and K be finite subgroups of G.
Then

| H| K]
HK| = .
| | |HN K|
Proof. We have
HEK = | ) nK
heH
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and each left coset of K has size | K|, so |HK| = s|K|, where s is the number
of left cosets of the form hK with h € H.

We show next that s = [H : H N K]. To this end, we can apply Lemma
1.76. For x,y € H we have 2K = yK if and only if y 'z € HN K. Therefore
xK = yK if and only if x(H N K) = y(H N K), from which it follows that
the sets {hK : h € H} and {h(HNK) : h € H} have the same size. In other
words s = [H : H N K], so by Lagrange’s theorem

|HI K|

HK|=|H: HNK| K| = .
HE| = | K= g

as claimed. O

Lemma 1.89. Let H and K be subgroups of a group G. Then HK 1is a
subgroup if and only if HK = KH.

Proof. Exercise. m

1.10 Normal subgroups and quotient groups

Given a group G, we are interested in finding its subgroups and homomor-
phic images. Subgroups are found inside of the group G, and using nor-
mal subgroups we can construct all possible groups of the form ¢(G), where
¢ : G — H is a homomorphism.

Definition 1.90. Let G be a group and let N < G. We say that N is a
normal subgroup of G, if g7'Ng = N for all ¢ € G. We denote this by
N <G.

Example 1.91. (a) In any group G, the trivial subgroup {1} and the group
G itself are normal subgroups of G.

(b) Let G be abelian. Then every subgroup of G is a normal subgroup.

(¢) Let G = S3. Then the cyclic subgroup ((1 2 3)) of order 3 is a normal
subgroup of G, but the cyclic subgroup H = ((1 2)) is not normal: we
have g 'Hg = ((1 3)) or g 'Hg = ((23)) for g € G\ H.

(d) Exercise: Show that if H < G with [G : H| =2, then H < G.
(e) Exercise: Show that every subgroup of Qg is normal.

(f) The property of being a subgroup is transitive: H < K < G implies
H < G. The same is not true for normality. Let G = Dg = (x,y) with
|z| =2, |y| = 4, and zyz~! = y~'. Then for H = (z) and K = (z,y?)
we have H I K I G but H 4 G.
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Lemma 1.92. Let G be a group and let N < G. The following statements
are equivalent:

(i) N is a normal subgroup;

)
(i) gN = Ng for all g € G;
(iii) (N)(yN) =ayN for all z,y € G.
(iv) ¢"'Ng C N for all g € G;
Proof. We prove (i) = (ii) = (iii) = (iv) = (i):

(i) = (ii): Since g7*Ng = N for all g € G, we have g(g'Ng) = gN and
thus Ng = gN for all g € G.

(ii) = (ili): By associativity and (ii), we have (zN)(yN) = z(Ny)N =
z(yN)N = 2yNN = zyN for all z,y € G.

(iii) = (iv): For all ¢ € G, we have (¢g"'N)(gN) = N, so (g7'Ng)N = N,
which implies g" Ng C N.

(iv) = (i): We have ¢g7'Ng C N for all ¢ € G. Applying this with g—*
this gives gNg™' C N, so N = g }(gNg')g C g~ Ng for all
g € G. Thus g7'Ng = N for all g € G.

]

Lemma 1.93. Let G and H be groups and let o : G — H be a homomor-
phism. The following statements hold:

(i) Kery is a normal subgroup of G.
(i) If N <G, then p(N) 9 4(G).
(iii) If K < H, then p~}(K) < G.

Proof. (i) We know that Ker ¢ is a subgroup by Lemma 1.63 (i). It is a

normal subgroup since ¢(z) = 1 implies p(gzg™1) = ©(g)p(x)p(g) ™! =

©(9)p(g™") =1forall g € G.

(ii) We have ¢(N) < ¢(G) by Lemma 1.63 (iv). For all ¢ € G we have
v(9) ' e(N)p(g) = ¢(97'Ng) = @(N), since N is normal, so o(N) <
p(G).
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(iii) We have ¢ '(K) < G by Lemma 1.63 (v). For all g € G and z €
¢ ' (K), we have (g7 zg) = ¢(g9)"'p(2)p(g) € K since p(z) and
K < G. Thisshows that g 'azg € o 1(K) forallg € Gand z € ¢~ (K),
so by Lemma 1.92 we have ¢ '(K) < G.
[

The main importance of normal subgroups is they can be used to con-
struct quotient groups, which turn out to be precisely the homomorphic ima-
ges of a group!'*. This construction proceeds as follows. Let N < G. We
consider the set

G/N ={gN : g € G}

of left cosets of N in G. For XY € G/N, the product XY (product of
subsets of G) is also in G/N by Lemma 1.92 (iii). Thus we can define a
binary operation - on G/N by

X Y =XY forall XY € G/N.
Note that by Lemma 1.92 (iii), we have
(&N) - (yN) = 2yN

for all z,y € G. This makes it clear that (G/N,-) is a group: associativity
holds since it holds in G, the identity element is N, and (zN)™' = 27! N for
all z € G.

Definition 1.94. Let G be a group and N < G. We call the group (G/N,-)
the quotient group of G modulo N.

Note that for N < G we have |G/N| =[G : N], so by Lagrange’s theorem
|G/N| =|G|/|N| if G is finite.

Remark 1.95. We emphasize that the construction of the quotient group
G/N only makes sense when N is a normal subgroup.

Indeed, consider a subgroup H < G which is not normal. By Lemma
1.92 (iv), we can find a ¢ € G be such that g7'Hg ¢ H. We claim then
that the product of left cosets (g7 H)(gH) is not a left coset. If this were
the case, then ¢ 'HgH = xH for some v € G. But 1 € g7'HgH,so 1 € vH
which implies # € H. Therefore ¢g-'HgH = H, from which we conclude
that g~'Hg C H, a contradiction. Therefore (g7 H)(gH) is not a left coset,
which means that we cannot define the binary operation on G/N as above.

11See Remark 1.99 below.
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Example 1.96. (a) In Example 1.5, the construction of Z/nZ is precisely
the construction of the quotient group of Z by the normal subgroup nZ.

(b) For N = G, the quotient G/N = {G} is trivial.

(¢) For N = {1}, the left cosets N in G are singletons {g}, g € G. Multi-
plication in G/N is defined as {g} - {h} = {gh} for all g,h € G, so it is
obvious that G/N = G.

(d) Let G = S3 and consider the normal subgroup N = ((1 2 3)). Then
G/N ={N,(1 2)N}, and G/N = C,.

Theorem 1.97. Let G be a group and let N be a normal subgroup of G. Then
the map m : G — G/N defined by x — xN is a surjective homomorphism
with Kerm = N.

Proof. 1t is clear that 7 is surjective, and 7 is a homomorphism since we
have (xN)(yN) = xyN by definition. The fact that Kerm = N follows from
Lemma 1.75. O

We will call the homomorphism 7 : G — G/N in Theorem 1.97 the
canonical homomorphism for N.

Theorem 1.98. Let G be a group and let p : G — H be a homomorphism.
Then G/ Ker ¢ = ¢(G), with an isomorphism given by x Ker ¢ — ¢(x).

Proof. Consider the map ¥ : G/ Ker ¢ — ¢(G) defined by 1 (z Ker ¢) = p(z)
for all x € G. By Lemma 1.63 (ii) and Lemma 1.76, we have z Kerp =
y Ker ¢ if and only if p(x) = ¢(y), so 1 is well-defined and injective. More-
over 1 is clearly surjective, and it is a homomorphism since ¢ is. Therefore
1 is an isomorphism and G/ Ker ¢ = ¢(G). O

Remark 1.99. By Theorem 1.97 and Theorem 1.98, a group is isomorphic
to a homomorphic image of G if and only if it is isomorphic to G/N for some
N <G.

Theorem 1.98 is sometimes called the first isomorphism theorem. We will
next prove the rest of the standard isomorphism theorems for groups.

Theorem 1.100. Let G be a group, let H < G and K I G. Then HK < G,
HNK < H and
HK/K =2 H/HNK.
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Proof. By Lemma 1.92 we have hIK = Kh for all h € H. Therefore HK =
KH, so HK is a subgroup by Lemma 1.89. Since H and K are subgroups
we have H N K < H, and moreover H N K is a normal subgroup of H since
Y (HNK)h=HNh'Kh=HNK forall h € H.

Finally consider the map ¢ : H — HK/K defined by ¢(z) = K for
all x € K. It is clear that ¢ is a homomorphism, and ¢ is surjective since
hkK = hK = @(h) for all h € H and k € K by Lemma 1.75. By Lemma
1.75 we have Kerp = H N K, so

H/HNK =2 HK/K
follows from Theorem 1.98. OJ

Theorem 1.101. Let G be a group and let M and N be normal subgroups
of G such that M < N. Then M/N ‘s a normal subgroup of G/N and

G/N
—— = G/M.
M/N /
Proof. Let m: G — G/N be the canonical homomorphism. We define

G/N

W:G%M—/N’SO

(9) = n(g)(M/N) for all g € G.

We leave it as an exercise to check that ¢ is a surjective homomorphism with
Ker o = M. It follows then from Theorem 1.98 that

Gy

G/M = Ji

as claimed. O

Theorem 1.102 (Correspondence theorem). Let G be a group, N < G, and
let m: G — G/N be the canonical homomorphism. The following statements
hold:

(i) For all H < G we have n(H) = HN/N.
(i) For all N < M < G, we have 7= (M/N) = M.
(iii) If N <M < G, then M/N < G/N.
(iv) Every subgroup of G/N s of the form M/N for a unique subgroup
N<M<IQG.
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(v) Let N< M < G. Then M < G if and only if M/N < G/N.

Proof. (i) By Theorem 1.100 the product HN is a group, so we can form
the quotient HN/N. For all h € H and n € N we have hnN = hN =
m(h) by Lemma 1.75, so it follows that HN/N = n(H).

(ii) It is clear that M C 7 '(M/N). Conversely if x € 7= }(M/N), then
xN = yN for some y € M. This implies € yN, which gives v € M
by N < M. Therefore 7= '(M/N) C M.

(iii) By (i) M/N is the image of M under 7, so it is a subgroup by Lemma
1.63 (iv).

(iv) Let X < G/N. Consider M = 7~ 1(X). It is easy to see that N < M <
G, and moreover we have (M) = 7(7~1(X)) = X since 7 is surjective.
Thus X = n(M) = M/N by (i). Uniqueness of M is immediate from

(ii).

(v) If M € G, then M/N = n(M) Q G/N by (i) and Lemma 1.93 (ii).
Conversely, if M/N < G/N, then M = 7= *(M/N) < G by (ii) and
Lemma 1.93 (iii).

[l

Definition 1.103. A group G is said to be simple if G # {1} and the only
normal subgroups of G are {1} and G.

Example 1.104. The abelian simple groups are known:

(a) If G is cyclic of prime order, then G has only two subgroups; {1} and G
itself. Therefore G is simple.

(b) Exercise: If G is abelian, then G is simple if and only if G is cyclic of
prime order.

Remark 1.105. Suppose that G is a non-trivial finite group. Let N; <G be
a proper normal subgroup such that |Ny| is as large as possible. Then there
are no normal subgroups of G with N; < M < G other than M = G and
M = Ny, so by the correspondence theorem G /N is simple. If Ny = {1} then
G is simple, otherwise by the same argument we can find a proper normal
subgroup Ny < Np such that Ny /Ny is simple. Continuing in this manner, we
eventually construct a series

G = Ng>N;>Nop---> N> Nyyy = {1}
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such that N;/N;;; is simple for all 0 < i < ¢. Such a series is called a com-
position series. (In a later section we will prove the Jordan-Hélder theorem,
which states that the isomorphism types of the simple factors occurring in a
composition series are unique.)

So a finite group is made up of simple groups, and this suggests an
inductive approach towards understanding all finite groups (“Holder pro-
gram”):

(1) Determine all finite simple groups.

(2) (Extension problem) Given two finite groups A and B, determine all
finite groups G with a normal subgroup N such that N = A and
G/N = B.

One of the biggest achievements in group theory is the solution to (1):
the classification of finite simple groups (CFSG). It has been shown that any
finite simple group is isomorphic to one of the following:

e Cyclic of prime order;

e Alternating group A, with n > 5; (defined in a later section)
e A group of Lie type;

e One of the 26 sporadic simple groups. (See Table 2.)

The original proof of the classification consisted of hundreds of articles
totalling tens of thousands of pages, starting from around 1955 with the
Brauer—Fowler theorem and finishing in 2004 with the Aschbacher—Smith
volume on quasithin groups. A second-generation proof led by Gorenstein—
Lyons—Solomon is in progress, and as of 2021 a total of 9 volumes have been
published (AMS Mathematical Surveys and Monographs).

What about the extension problem? This is completely infeasible in gene-
ral, one reason being that we cannot even expect to classify all finite p-groups.
However, there are many interesting things to be said about extensions of
two groups A and B — meaning groups GG with a normal subgroup N such
that N =2 A and G/N = B. We will later find various ways of constructing
and recognizing such extensions.
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Group Order Year
M, 2%.32.5-11 1895
M, 20.3%3.5-11 1899
My 27-3%2.5-7-11 1900
My 27-32.5.7-11-23 1900
My, 219.3%.5.7.11-23 1900
J1 23.3-5-7-11-19 1966
Jo 27.3%.52.7 1967
J3 27.3%5.5-17-19 1969
Jy 221.33.5.7.113-23-29-31-37-43 1975
Cop 220.3%.5%.72.11-13-23 1969
Co, 218.30.5%.7.11.23 1969
Cos 210.37.5%.7.11-23 1969
Figpy 217.3%.52.7.11-13 1969
Figg 21.3¥.52.7.11-13-17-23 1969
Fi,, 22.31.52.73.11-13-17-23-29 1969
HS 29.32.5%.7-11 1968
McL 27-36.5%.7.11 1969
He 210.3%.52.73.17 1969
Ru 214.3%.5%.7.13.29 1972
Suz  213.37.52.7.11-13 1969
ON 29.3%.5.7.11-19-31 1973
HN 214.36.56.7.11-19 1974
Ly 28.37.5%.7.11-31-37-67 1971
Th 21%.3%0.5%.72.13.19-31 1974

B 241 . 313.50.72.11-13-17-19-23-31 -47 1974
M 246.320.59.76.112.13%.17-19-23-29-31-41-47-59-71 1974

Table 2: The sporadic simple groups, their orders, and the year when they
were first discovered.
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1.11 Conjugacy classes of elements

Definition 1.106. Let GG be a group. We say that two elements g, h € G are
conjugate in G, if there exists + € G such that h = x7'gz. We will denote
g° = tgx.

Two conjugate elements of a group are “similar” and many of their pro-
perties (as elements of GG) are the same. For example, they must have the
same order (Lemma 1.65 (ii)). As seen in the next example, in general linear
groups conjugacy corresponds to the similarity of matrices and to change of
basis.

Example 1.107. Let V be a finite-dimensional vector space over a field F.
Let f,g € GL(V). Let ey, ..., e, be a basis of V and let (A4;;) be the matrix
of f with respect to this basis, so f(e;) = 2?21 Ajie; forall 1 <i<n.

Suppose that g is conjugate to f, say g = p~! fp for some p € GL(V). Let
e}, ..., €, be the basis of V defined by €} := p~!(e;) for all 1 <i < n. Then
it is immediate that g(e;) = >°7_ | Ajie}; for all 1 < i < n. In other words,
the matrix of ¢ is the same as that of f, just with respect to a different basis.
Conversely, if g is obtained from f by a change of basis, then g and f are
conjugate in GL(V).

For g,h € GG, denote g ~ h if g and h are conjugate in GG. It is easy to
see that ~ is an equivalence relation:

e g~ g,since g = g for z = 1g;

o If g ~ ¢’ with ¢ = 27 'gx, then ¢ = y !¢’y with y = 7 }; thus ¢ ~ g;

eIf g~ ¢ and ¢ ~ ¢" with ¢ = 27 'gx and ¢" = y~'¢'y, then ¢’ =
(zy)~gxy; thus g ~ g".

The equivalence class of g € G under ~ is called the conjugacy class of

r in G and denoted by x¢. Then G is partitioned into a disjoint union of

conjugacy classes, and the conjugacy class of x in GG is

2% = {9 zg: g € G}.
An element y € 29 is called a representative of the conjugacy class z¢.
Example 1.108. If G is an abelian group, then 2% = {z} for all z € G.

Example 1.109. Let G = S,, and consider a k-cycle o = (i; --- ix). As an
exercise, show that for all g € S,,, we have

gl - i)g = (g(in) -+ g(in)).
Conclude that 0% = {g € G : g is a k-cycle}.
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Example 1.110. Let G = S3. Then G has three conjugacy classes: {(1)}
(trivial element), {(1 2),(1 3),(2 3)} (2-cycles), and {(1 2 3),(1 3 2)} (3-
cycles).

Example 1.111. Let G = Qg = {£1, +i,+j, +k}. Exercise: determine the
conjugacy classes of Qg (there are a total of five).

Lemma 1.112. Let G be a group and H < G. Then H < G if and only if
H is a union of conjugacy classes of G.

Proof. If H is a union of conjugacy classes of G, then H < G since ¢¢ g~ =
¢ for any conjugacy class ¢ and g € G. Conversely, suppose that H < G.
Then for all z € H we have 2% C H since grg~! € H for all g € G, and
therefore H is the union of the conjugacy classes of its elements. O

Definition 1.113. Let G be a group and = € G. The centralizer of x in G
is Cg(x) = {g € G : gx = xg}, i.e., the set of all elements of G that commute
with .

Lemma 1.114. Let G be a group. Then:
(i) Cq(z) is a subgroup of G for all z € G.

(i) |29 =[G : Cg(x)] for all z € G. In particular if G is finite, then |z¢|
divides |G|.

Proof. (i) It is clear that 1 € Cg(x) for all x € G. Suppose that g,h €
Cg(x). Then (gh)x = g(hz) = g(zh) = (gx)h = (zg)h = x(gh),
so gh € Cg(z) and Cg(x) is closed under multiplication. We have
gr = xg, and multiplying this equation from the left and the right with
g~ gives xg™! = g~ 'z, in other words g~! € Cg(z). Thus Cg(z) is
closed under taking inverses and is a subgroup.

(ii) For a,b € G we have aza™ = bxb™" if and only if (b~'a)z = x(b~'a) ™,
ie. b'a € Cg(z). Therefore ara™ = bxb~! if and only if aCq(x) =
bCq(x), so the map axa™! — aCq(z) is a well-defined bijection between
the sets 2% and {aCq(x) : a € G}. Thus |2°] =[G : Ce(x))].

[

Definition 1.115. Let G be a group. The center of G is defined as
Z(G)={9 € G:gxr=uxgforall z € G},

Note that Z(G) is a subgroup, since it is the intersection of all centralizers

of GG.
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Lemma 1.116. Let G be a group. Then Z(G) < G, and any subgroup of
Z(G) is a normal subgroup of G.

Proof. Follows from the fact that g~ 'zg = x for all z € Z(G). O
Example 1.117. Some basic facts:
(i) A group G is abelian if and only if G = Z(G).

)
(ii) For g € G, we have g € Z(G) if and only if ¢¢ = {g}.
(ili) Exercise: For all n > 3, we have Z(S,) = {1}.

)

(iv) Let G = S3. Then Cg(z) = (z) for all x € G\ {1}. For G = S; and
x = (12), we have Cg(x) = {(1), (1 2),(3 4),(1 2)(3 4)}.

(v) Exercise: If G/Z(G) is cyclic, then G is abelian.
(vi) Exercise: Let N < G be such that |[N| = 2. Prove that N < Z(G).
Definition 1.118. For any subset S C GG, we define the centralizer of S as
Ce(S)={9€G:gx=uxgforall z € S}.

Similarly to the center, we see that C(S) is a subgroup since it is the inter-
section of the centralizers of elements of S. In particular, we have Cq(H) < G
for any H < G.

Proposition 1.119 (Class equation). Let G be a finite group. Let x4, ..., x;
be representatives for the conjugacy classes of G with more than one element.
Then

Gl =12(G)] + Z[G - Cali)].

Proof. Since a conjugacy class % has size 1 if and only if x € Z(G), we have
a disjoint union

Thus |G| = |Z(G)| + Yi_i |2F] = |Z(G)| + ;1[G : Ce(z;)] by Lemma
1.114. ]
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1.12 Cauchy’s theorem

As an application of the class equation, we will prove Cauchy’s theorem.

Theorem 1.120 (Cauchy’s theorem). Let p be a prime. If G is a finite
group such that p | |G|, then G contains an element of order p.

Proof. By induction on |G|, the theorem being vacuously true when |G| = 1.
We can suppose then that |G| > 1 and p | |G|. By the class equation, we
have

¢
Gl =12(G)| + Y _1G : Ca(w)], (1.3)
i=1
where x1, ..., x; are representatives for the non-central conjugacy classes,
ie. z; & Z(G).

If p||Cq(x;)| for some 1 < i < ¢, then we are done by applying induction
on Cg(x;).

Thus we may assume that p 1 |Cg(x;)| for all 1 < i < ¢, in which case
we must have p | [G : Cg(x;)] for all 1 < i < ¢. By (1.3) it follows that
p | |Z(G)|. If Z(G) # G we are again done by applying induction on Z(G).

Thus we can assume that G = Z(G), in which case G is abelian. Let
x € G be a non-identity element. If p divides |z|, then a suitable power of
x will be an element of order p (Lemma 1.27 (iii)). If p does not divide |z,
then p must divide the order of G/(x). In this case, by induction the image
of some g € G in G/(x) has order p. Then |g| is divisible by p, so a suitable
power of g will be an element of order p in G. O

Remark 1.121. Can we generalize Cauchy’s theorem? That is, suppose that
n is an integer that divides |G|, not necessarily a prime. Must G contain an
element of order n? Certainly this is not true in general, for example if G is
non-cyclic of order n. (Explicit example: G = S3 has order divisible by 6,
but G' does not contain an element of order 6.) Problem: Suppose that n is
not a prime number. Does there exist a finite group G such that n divides
|G|, but G has no element of order n?

As an example application of Cauchy’s theorem, we will classify groups
of order 2p, where p is a prime.

Theorem 1.122. Let G be a group such that |G| = 2p, where p > 2 is a
prime. Then G = Cyy, or G = Dy,.

Proof. By Cauchy’s theorem, there exists x,y € G with |z| = 2 and |y| = p.
We have (y) <G since (y) has index 2 in G (Example 1.91 (iv)), so zyz~! = ¢
for some i € Z. Since 2% = 1, we have

’L2

1 — (xyx_l)i =",

y =2’yr? = ay'z”
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so i> = 1 mod p. Since p is prime, this implies i = £1 mod p. If i = 1
mod p, then zy = yx. Thus |zy| = 2p by Lemma 1.29, so G = (zy) = Cy,. If
i = —1 mod p, then zyz~! = y~!. In this case G is dihedral (Lemma 1.68),
so by Theorem 1.71 we have G = Dy, O

Since Dg = Ss, in particular we have proven the following result!?.

Corollary 1.123 (Cayley, 1854). Let G be a group such that |G| = 6. Then
G=Cs or G=S;5.

Cauchy’s theorem tells us that if p is a prime dividing the order of a finite
group G, then GG contains an element of order p. What can we say about the
number of elements of order p?

Theorem 1.124. Let G be a finite group and let p be a prime such that
p | |G|. Then the number of v € G such that x? =1 is a multiple of p.

Proof. By Cauchy’s theorem, there exists an element of order p in GG, which
generates subgroup U < G of order |U| = p. We will use U to partition the
set Q = {z € G : 2 = 1} into pieces of size p, which implies |2 =0 mod p.
For x € GG, define
o zU, if v € Cq(U).
x| =
{uzu™ :ue U}, ifxgCq(U).

It is an exercise (Exercise 1.33) to prove that the sets [z| partition G, in
other words for all z,y € G we have [z] = [y] or [z] N [y] = 0. Moreover, [z]
contains p elements for all x € G. Thus the sets [z] partition G into pieces
of size p.

We now claim that the sets [z] also partition €2, which proves the theorem.
To this end, it will suffice to prove that for z € Q, we have [z] C Q. Indeed,
if v € Cg(U), then (zu)? = zPu? = 1 for all u € U, so [z] = zU C Q.
If v & Cg(U), then (uzu')? = uaPu™t =1, so uzu™t € Q for all u € U.
Therefore [z] = {uzu™ :u € U} C Q. O

2Proven by Cayley in 1854. Two decades later, in a paper (American Journal of
Mathematics , Vol. 1, No. 1 (1878), pp. 50-52) Cayley states (mistakenly) the following:

“...if n = 6, there are three groups, a group 1, o, o, o2, o*, o® (a8 =1); and two

groups 1, B3, B2, a, a3, af? (@® =1, B3 = 1), viz: in the first of these a3 = Ba; while in
the other of them we have a8 = B ...”
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Remark 1.125. A more general result was proven by Frobenius in 1895. He
showed that if G is a finite group and n | |G|, then the number of € G such
that 2™ = 1 is a multiple of n. There are several proofs of this Frobenius’
theorem, but none of them are very short.

Frobenius also conjectured that if n divides |G| and if the number of so-
lutions to ™ = 1 is exactly n, then the set of solutions forms a subgroup.
Almost 100 years later, Frobenius’ conjecture was proven by liyori and Ya-
maki (1991), using the classification of finite simple groups.

Recall the notation 04(G) for the number of elements of order d in G.

Corollary 1.126. Let G be a finite group and let p be a prime such that
p | |G|. Then o,(G) = —1 mod p.

Proof. Follows from Theorem 1.124, since xP = 1 if and only if x = 1 or
|z = p. O

Remark 1.127. Corollary 1.126 can also be improved in some cases. For
example, if p? | |G], then one can show'® that 0,(G) = p — 1 mod p? or
0,(G) = =1 mod p?. The precise value of 0,(G) modulo p* depends on the
structure of p-subgroups of G.

Corollary 1.128. Let G be a finite group and let p be a prime such that
p | |G|. Then the number of subgroups of order p in G is =1 mod p.

Proof. Let r be the number of subgroups of order p in G. Note that if U
and V are subgroups of order p in G, by Lagrange’s theorem we have U = V'
or UNV = {1}. Moreover, any element of U \ {1} has order p. Thus the
number of elements of order p in G is equal to r(p — 1), so r =1 mod p by
Corollary 1.126. O]

1.13 Number of conjugacy classes

Let GG be a finite group. Denote the number of conjugacy classes of G by
kE(G). What can we say about k(G)? Certainly k(G) < |G|, and k(G) = |G|
if and only if G is abelian. What about lower bounds for k(G)? The first
results go back to Landau', who showed in 1903 that |G| can be bounded
from above in terms of k(G). Using Landau’s method, one can find the
following explicit bound®®.

13M. Herzog, Counting group elements of order p modulo p?, Proc. Amer. Math. Soc.
66 (1977), 247-250.

YE Landau, Uber die Klassenzahl der bindren quadratischen Formen von negativer
Discriminante., Math. Ann. 56 (1903), no. 4, 671-676.

5M. Newman, A bound for the number of conjugacy classes in a group., J. London
Math. Soc. 43 (1968), 108-110.
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Theorem 1.129. Let G be a finite group of order n. Then k(G) > %.

Proof. Omitted. []

The bound in Theorem 1.129 is very weak, and later much better bounds
have been found. But it does follow from Theorem 1.129 that k(G) — oo as
|G| — oo. Therefore for all ¢ > 0, up to isomorphism there exist only finitely
many finite groups G with k(G) = c.

Example 1.130. Let G be a finite group.

(a) It is clear that k(G) =1 only if G is trivial.

(b) Exercise: Show that k(G) = 2 if and only if G = Cb.
(
(

)

)
c) Exercise: Show that k(G) = 3 if and only if G = C3 or G = S;.
d) Currently the finite groups with k(G) < 14 have been classified!S.
)

(e) Denote by f(c¢) the number of finite groups (up to isomorphism) with
k(G) = ¢. Then we have the following values of f(c):

c |1 23456 7 8 9 10 11 12
floo|1 1 2 4 8 8 12 21 26 38 35 32

Remark 1.131. For all ¢ > 1, it is possible to construct an infinite group G
with k(G) = c.

1.14 Conjugacy classes of subgroups

Similarly to the conjugacy of elements, we will define conjugacy of subgroups.

Definition 1.132. Let G be a group and H, K < G. A conjugate of H is a
subgroup of the form g~ 'Hg for ¢ € G. We say that the subgroups H and K
are conjugate, if K = g~'Hg for some g € G. We will denote HY := g 'Hg
for all g € G.

We first observe that a conjugates of a subgroup H are subgroups and
isomorphic to H.

Lemma 1.133. Let G be a group and H < G. Then g~ Hg is a subgroup
of G and g1 Hg = H for all g € G.

16 A. Vera-Lépez, J. Sangroniz, The finite groups with thirteen and fourteen conjugacy
classes, Mathematische Nachrichten, 280(5-6), 676-694, (2007).

47



Topics in Algebra: Group Theory Mikko Korhonen

Proof. Since the map x — ¢ 'zg is an automorphism (Lemma 1.65), the
lemma follows from Lemma 1.63 (iv) and (vi). O

Example 1.134. If H and K are conjugate subgroups of a group G, then
H = K by Lemma 1.133. The converse is not true, as seen by the fol-
lowing example. Let G = S; and consider H = {(1),(1 2)} and K =
{(1),(1 2)(3 4)}. Then H and K are both cyclic of order two, so H = K.
However, H and K are not conjugate in G; for ¢ € G we have cHo ™! =

{(1), (o(1) 0(2))} # K.

Two isomorphic groups have the same multiplication table, so as groups
we can think of them “as the same”. But as subgroups, they might behave
in very different ways; this is because any given group can usually be repre-
sented in many different ways. For subgroups, conjugacy is better notion of
similarity than isomorphism.

Example 1.135. Consider G = Dg, so G = (x,y) with |z| = 2, |y| = 4,
zyz~t =y !t and z & (y). Consider H = (z) and K = (y*). Both H and K
are cyclic of order 2, so H = K. Now H is not a normal subgroup of GG, but

K <G since K = Z(G).

Definition 1.136. Let G be a group and H < G. The normalizer of H in
G is defined as
Ng(H)={9€G:9g 'Hg=H}.

Lemma 1.137. Let G be a group. Then:
(i) Ng(H) is a subgroup of G for all H < G.
(ii) The number of conjugates of H in G is equal to [G : Ng(H)].

Proof. The proofs of (i) is similar to the proofs of Lemma 1.114 (i). For (ii),
show that *Ng(H) = yNg(H) if and only if tHz™' = yHy ™! and argue as
in Lemma 1.114 (ii). The details are left as an exercise. O

Remark 1.138. Let G be a group and H < G. It is clear that H < Ng(H),
and moreover Ng(H) is the largest subgroup of G that contains H as a
normal subgroup. In particular H < G if and only if Ng(H) = G.

Lemma 1.139. Let G be a group and N I G. Let N < H < G. Then
Neyn(H/N) = Ne(H)/N.

Proof. Exercise. O]
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1.15 p-groups

Definition 1.140. Let p be a prime. A group G is said to be a p-group, if
|g| is a power of p for all g € G.

By Lagrange’s theorem (Corollary 1.81) and Cauchy’s theorem (Corollary
1.120), a finite group G is a p-group if and only if |G| is a power of p.

Example 1.141. Let p be a prime.
(a) The cyclic group of order p* is a p-group for all k > 0.
(b) Qs is a 2-group of order 8.

(¢) If n is a power of 2, then Dy, is a 2-group. The infinite dihedral group
D, is not a 2-group, since it contains elements of infinite order.

(d) (Priifer p-group) The following is an example of an infinite p-group. Con-
sider the following set of complex numbers:

Z(p™) ={z € C: 2" =1 for some k > 1}.

Then Z(p™) is a subgroup of C*, and Z(p>) is an infinite abelian p-
group.

Lemma 1.142. Let G be a finite p-group and let N < G. If N # {1}, then
NNZ(G) #{1}.

Proof. Since N is a normal subgroup, it must be a union of conjugacy classes
of G (Lemma 1.112), say

N={1}uC,U---UC,.

The order of a conjugacy class divides the order of the group (Lemma 1.114
(i1)), so |Cy| is a power of p for all 1 < i < t. Thus we cannot have |C;| > 1
for all 1 < 4 < t, as otherwise |N| = 14 >_'_, |Cj| is not divisible by p.
Therefore C; = {x} for some 1 < ¢ < ¢, in which case x € N N Z(G) and the
lemma follows. O

The following is the special case N = GG of Lemma 1.142.

Corollary 1.143. Let G be a non-trivial finite p-group. Then Z(G) # {1}.

Proposition 1.144. Let G be a finite p-group of order p*>. Then G is abelian.
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Proof. By Corollary 1.143 we have Z(G) # {1}, so G/Z(G) has order 1 or
order p. Therefore G/Z(G) is cyclic, which by an exercise implies that G is
abelian (Example 1.117 (v)).

[

Example 1.145. For any prime p, there exist non-abelian p-groups of order
p?. For this we can consider the Heisenberg group

1 b
H, = 0 c|:abceZ/pZ
0 1

S = Q

Exercise: Show that H,, is a non-abelian subgroup of GL3(Z/pZ) such that
|Hp| = p5 Is H2 = Qg or H2 = D87

Proposition 1.146. Let G be a finite p-group of order |G| = p®. Then for
all 0 < B < a, there exists N < G with |[N| = p°.

Proof. We proceed by induction on |G|, the case |G| = 1 being clear. Suppose
then that |G| > 1. If § = 0, we can take N = {1}, so suppose that § > 0.
By Corollary 1.143 there exists a non-identity element x € Z(G). Replacing
x with a suitable power of x, we can assume that |z| = p. Then K = (z) is
subgroup of order p, and K < G since x € Z(G). By induction there exists
N/K < G/K with |[N/K|=p?~t. Then N < G with [N| = p®. (Remember
Theorem 1.102.) O

Proposition 1.147. [“Normalizers grow”] Let G be a finite p-group and H
be a proper subgroup of G. Then H S Ng(H).

Proof. By induction on |G|, the case |G| =1 and |G| = p are clear. Suppose
then that |G| > p. By Corollary 1.143 we have Z(G) # {1}. Thus if
Z(G) < H, then by induction

H/Z(G) £ Neyz@)(H/Z(G)) = No(H) /Z(G),

and thus H S Ng(H). If Z(G) £ H, then the claim follows since Z(G)
Ng(H).

L1IA

Proposition 1.148. Let G be a finite p-group and H < G. If |G : H] = p,
then H < G.

Proof. By Proposition 1.147, we have H S Ng(H). If [G : H] = p, this
implies Ng(H) = G, so H < G. O

20



Topics in Algebra: Group Theory Mikko Korhonen

2 Symmetric and alternating Groups

In this section, we will establish some basic facts about finite symmetric
groups S5, and alternating groups A,. For example, we will describe the
conjugacy classes in both S,, and A,,. We will also show that A,, is a non-
abelian simple group if n > 5.

2.1 Cycle decomposition

Definition 2.1. Let 0 = (i; --- i) and 7 = (j; --- j¢) be cycles in S,,. We
say that o and 7 are disjoint, if {iy,... ix} O {j1,..., 50} = 0.

Lemma 2.2. Let 0 = (iy -+ ig) and 7 = (j1 -+ je) be cycles in S,. If o
and T are disjoint, then oT = T0.

Proof. Exercise. O

We will see that any permutation o € S,, can be written as a product of
pairwise disjoint cycles, and that this factorization is essentially unique.

Definition 2.3. Let 0 € S,,. For 1 < i < n, the orbit of i under o is the set
orb, (i) = {o* (i) : k € Z}.

Lemma 2.4. Let 0 € S,,. Then any two orbits of o are either disjoint or
equal. In particular, Q = {1,...,n} decomposes into a disjoint union

2 = orb,(i1) U -- - Uorby(i)
for some iy, ..., i; € Q.

Proof. Let orb, (i) and orb,(j) be two orbits of . If they are not disjoint,
there exist some k, ¢ € Z such that o*(i) = o*(j). Then i = o*7*(j) which
implies orb,(i) C orb,(j), similarly j = o*~*(i) which implies orb,(j) C
orb, (7). Therefore orb, (i) = orb,(j). O

Example 2.5. For example, consider o € S3. Then:
e o = (1) has three orbits: {1}, {2}, {3}.

Q

= (1 2) has two orbits: {1,2}, {3}.

(
(
e o = (1 3) has two orbits: {1,3}, {2}.
o = (2 3) has two orbits: {1}, {2,3}.
(

e 0 =(123)and o = (13 2) have a single orbit: {1,2,3}.
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Lemma 2.6. Let 0 € S,,. Let O = orb,(i) be an orbit of 0. Let k > 1 be
minimal such that o®(i) = i. Then:

(i) 0] =k and O = {i,o(i),...,a" 1(i)}.

(ii) 0(O) = O, and the map o' : O — O induced by o is the k-cycle
(i (i) --+ 0" 1(i)) in Sym(O).

Proof. (i) For any ¢ € Z, we can write ¢ = r + gk for some 0 < r < k.
Then if o%(i) = i, we have 0" (i) = i since o%(i) = i. By minimality
of k this implies r = 0. Therefore o‘(i) = i if and only if k | £. As a
consequence, for all s,t € Z we have 0%(i) = ¢'(i) if and only if s = ¢
mod k. Thus O = {i,0(i),...,0" (i)} and |O| = k.

(ii) Immediate from (i).
[

Proposition 2.7. Leto € S,,. Then o can be written as a product of pairwise
disjoint cycles: we can write 0 = 7y - - - m; such that:

(1) m is a k;-cycle for all 1 <i <t;
ii) The cycles my, ..., T are pairwise disjoint;
Y p )
(iii) k1 + -+ ke =n.

This factorization is also unique, up to the order of factors: if o =
7y -+ is another factorization satisfying properties (i) — (iii), then t = s

and {my,...,m} ={ny,...,m}.

Proof. Let Oy = orb,(i1), ..., Oy = orb,(i;) be the orbits of o on =
{1,...,n}, so by Lemma 2.4 we have a disjoint union Q = Oy U---UO,. For
1 <r <t let k, =10,|. It follows from Lemma 2.6 that o is equal to the
following product of disjoint cycles:

o= (ir o(ir) -+ oM N@) - (i o) o o™ ().

Thus by defining 7, = (i, o(iy) --- o®71(i,)) for 1 < r < t, we have
o = m - - - such that conditions (i) — (iii) hold.

Suppose that o = 7 --- 7, is another factorization satisfying properties
(i) — (iii), say 7. = (j1 j2 --- Js.) for 1 < r <'s. Then it is clear that each
set O = {J1,J2,---,Je.} is an orbit of o on Q, and O}, ..., O. are all the
orbits of o by (iii). Since the orbits are uniquely determined by o, it follows
that s = ¢ and by reordering the factors (Lemma 2.2) we can assume that
O, =0}, ..., O; = O;. Then by Lemma 2.6 (ii) we have m; = 7 for all
1< <t [
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Definition 2.8. By Proposition 2.7, for each ¢ € S,, there exist unique
integers k; > --- > k; > 1 such that k; 4+ --- 4+ k; = n and o is a product of
pairwise disjoint cycles of lengths k1, ..., k;. We call (ki ..., k;) the partition
of n corresponding to o.

Example 2.9. (a) In S;, each element is a cycle.

(b) In Sy, the possible cycle decompositions are as follows, where {1,2,3,4} =
{i,7,k,1}:

i)(7)(k)(1) = (1) (trivial element). Partition (1,1, 1,1).
(k)(1) = (i 7) (2-cycle). Partition (2,1,1).

(product of disjoint 2-cycles). Partition (2, 2).
= (i j k) (3-cycle). Partition (3,1).

| k1) (4-cycle). Partition (4).

(
(
o (i
*
*

Remark 2.10. In the factorization ¢ = m ---m in Proposition 2.7, the
cycles m; of length 1 correpond to the orbits of length 1, in other words, to
the fixed points of 0. Thus we can write ¢ = 7 ---m,, where s > 0 and
the m; are pairwise disjoint cycles of length > 1. By Proposition 2.7, this
decomposition is unique up to the ordering of the factors.

Corollary 2.11. The symmetric group S, is generated by cycles.
Proof. Immediate from Proposition 2.7. ]

On the other hand, any cycle can be written as a product of 2-cycles:

(ay ag -+ ag) = (a1 ar)(ay ag_1) -+ (a1 az).
Therefore we have the following corollary:
Corollary 2.12. The symmetric group S, is generated by 2-cycles.
Not all 2-cycles are needed to generate S,,, as for example S3 = ((1 2), (2 3)).
Example 2.13. Some more examples on generators of S,,:
(a) Exercise: Show that S, is generated by (1 2), (1 3), ..., (1 n).
(b) Exercise: Show that S, is generated by (1 2), (2 3), ..., (n —1 n).

(c) Exercise: Show that S, = ((12),(12 --- n)).
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2.2 Orders of permutations

The order of a permutation can be conveniently expressed in terms of its
cycle decomposition.

Lemma 2.14. Let 0 € S, be a k-cycle. Then:

() lo| = k.
(ii) Let d | k. Then o is a product of d pairwise disjoint cycles of length
k/d.
Proof. Exercise. ]

Example 2.15. The 4-cycle (12 3 4) has order 4 and (123 4)? = (1 3)(2 4).

Lemma 2.16. Let 0 € S,, and suppose that o = 7 ---m where m; are
pairwise disjoint cycles, and m; is a ki-cycle for 1 < i < t. Then |o| =

lem(ky, ... k).

Proof. Since the cycles are pairwise disjoint, they commute pairwise, and
therefore 0¢ = 7¢ ... 7 for all d € Z. By Lemma 2.14 and the uniqueness
of the cycle decomposition, we have ¢? = 1 if and only if 7¢ = 1 for all
1 <i <t. Since |m;| = k; (Lemma 2.14), it follows that 0% = 1 if and only if
k; | d for all 1 <i <t. Since lem(ky, ..., k) is precisely the smallest positive

integer such that k; | lem(kq, ..., k) for all 1 < ¢ <t, the lemma follows. [

Example 2.17. In S5, the element (1 2)(3 4 5) has order 6, while (1 2)(3 4)
has order 2.

Example 2.18. What is the largest order of an element of S,,7 For example
in S3, the largest order is 3, for a 3-cycle. In Sj, the largest order is 6, for
example for (1 2 3)(4 5). Denote the maximal order of an element of S, by
g(n). Below is a list of small values:

7T 8 9 10 11 12 13 14
12 15 20 30 30 60 60 &4

n 1
g(n) | 1

Exercise: Using the values of g(n) given above, find an element of largest
order in .5,, for 1 <n < 14.

2 3 4 5 6
2 3 4 6 6
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2.3 Conjugacy classes in 5,

Another application of the cycle decomposition is the description of the con-
jugacy classes of .S,,.

Proposition 2.19. Let 0,7 € S,,. Then o and T are conjugate if and only
if they correspond to the same partitions of n.

Proof. Suppose that ¢ = 71 - - - m; such that m; a k;-cycle and that the cycles
m; are pairwise disjoint. For conjugation of k-cycles in 5,,, we have

glix -+ in)g™ " = (g(ir) -~ g(ix)) (2.1)

for all g € S,,. It follows from (2.1) that

gog~' = (gmg ) (gmag ")+ (gmg™")

is a product of pairwise disjoint cycles of lengths ki, ..., k;. By uniqueness
of the cycle decomposition (Proposition 2.7), we conclude that conjugate
elements in S, correspond to the same partition of n.

Conversely, suppose that o,7 € S,, correspond to the same partitions
of n. In other words, there exist integers k; > --- > k; > 0 such that
ki+---+k =nand

g = (Gn Q12 - alkl)(aﬂ a2k2)"’(at1 Gtkt)

T = (bll b12 blkl)(b21 b2k2)"'(bt1 btk:t)

are the decompositions of ¢ and 7 into a product of pairwise disjoint cycles.
Define g € S,, by

g = 11 Qi - Algy G210 v Q2ky vt Qg1 v Qi
bir bz o+ by b o0 by, o bu e b,

By (2.1), we get

gog~' = glan arz -+ aw,)g ' glam -+ a,)g ' glan - am,)g
= (9(an) g(ar2) -+ gla,))(g(az1) -+ glazr,)) - (9(an) -~ glaw,))
=T.

Thus o and 7 are conjugate in S,,. [

Example 2.20. With Proposition 2.19, it is straightforward to find repre-
sentatives for the conjugacy classes for any given n. For example, in S; we
have the following representatives for the 5 conjugacy classes:
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epresentative partition  size of class

E 1) (1,1,1,1) 1
(12) (2,1,1) 6
(123) (3,1) 8
(12)(34) (2,2) 3
(1234) (4) 6

The size of each class is counted by calculating the number of cycles with

the corresponding decomposition. For example, the number of 3-cycles (i j k)

is 4'% = 8. This is because there are 4 -3 -2 choices for 7, j, k; then we divide

by 3 so that we do not count
(ijk)=(ki)=(kij)
1

three times. Similarly, the number of permutations (i j)(k 1) is $(%2-21) = 3.
Indeed, there are %2 choices for (i j), then £t choices for (k [); then divide
by 2 to avoid counting (i j)(k I) = (k [)(i j) twice. Similar arguments work
for counting the size of any given conjugacy class in .5,,.

2.4 Alternating groups

In this section, we will define alternating groups, and show that it is the
unique subgroup of index 2 in S,. There are multiple ways to define the
alternating groups, all of which boil down identifying a notion of “parity” for
permutations.

Definition 2.21. Let 0 € S,,. An unordered pair {7,j} with 1 <i<j<n
is an inversion of o if o(i) > o(j). The set of all inversions of ¢ is denoted

by I(0).
Lemma 2.22. Let 0,7 € Sy. Then |[(o7)| = |I(0)] + |I(r)] mod 2.
Proof. The set I(cr) consists of {4, j} with 1 < i < j < n such that either
o {i.j} ¢ I(r) and {r(i),7(j)} € I(0); ox
o {i,j} € I(r) and {7(i),7(j)} & I(0).
Thus I(o7) = (X \ Y) U (Y \ X), where
o X =I(7)

e Y = set of pairs {7, 5} with {7(:),7(5)} € I(0).
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We have | X \ Y| = |X|— |X NY| and similarly |V \ X| = |Y]| - |X NY].
Therefore |I(o7)| = |X|+ |Y| — 2| X NY|. Moreover |Y| = |I(0)| (Exercise
2.5), so we conclude that |[(o7)| = |I(0)| + |I(7)] mod 2. O

Therefore the map sgn : S, — {1, —1} defined by

sgn(e) = (~1)")

for all o € S, is a homomorphism. (Here {1,—1} is a cyclic group of order
2 under multiplication.) We call sgn the sign homomorphism.

For o = (1 2) we have I(0) = {{1,2}}, so sgn(c) = —1 and thus sgn is a
surjective homomorphism for n > 2.

Definition 2.23. The alternating group of degree n is A,, := Ker(sgn), where
sgn : S, — {1, —1} is the sign homomorphism. A permutation o € S, is said
to be even if 0 € A, and odd if 0 & A,.

For n > 2 the sign homomorphism is surjective, so |A,| = n!/2.
Lemma 2.24. Any transposition is an odd permutation.

Proof. Any transposition o is conjugate to 7 = (1 2), say o = grg~! for some
g € S,. Then sgn(c) = sgn(g)sgn(7)sgn(g)~' = sgn(7). As we have seen
above |I(7)] =1, so sgn(o) = sgn(r) = —1. O

Remark 2.25. Exercise: For 0 = (i j) € S, with 1 < i < j < n, calculate

11 ()]

We know that every o € S, can be written as a product o = tyty- - - t4 of
transpositions. Since the sign map is a homomorphism, by Lemma 2.24 we
have that ¢ is even if d is even, and odd if d is odd. Note that there might
be multiple ways of writing a permutation as a product of transpositions, for
example (123)=(12)(23)=(13)(12)=(34)(34)(12)(23).

Lemma 2.26. Let n > 3. Then A, is generated by 3-cycles.

Proof. Any o € A, can be written as a product of even number of transpo-
sitions, say o = t1t] - - - 4t for some transpositions ¢;,t; € S,. Thus it will
suffice to show that any product of two transpositions is contained in the sub-
group generated by the 3-cycles. To this end, let ¢t = (i j) and ¢’ = (k 1) be
two transpositions. If £ and ' are disjoint, then tt' = (i j) (k1) = (1 7 k)(j k 1).
If {i,7} = {k,}, then ¢t = 1. The remaining possibility is that {i,j} and
{k,} have one element in common, say t = (i j) and ' = (j [). In this case
tt'=(i71). O
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Proposition 2.27. Let n > 2. Suppose that H < S,, is such that [S,, : H| =
2. Then H = A,,.

Proof. If n = 2, then S, has order 2 and As is trivial, so the claim is obvious.
Suppose that n > 3. Since H has index 2, it is a normal subgroup and
o2 € H for all 0 € S,,. For a 3-cycle (i j k) we have (i 7 k) = (i k j)?, so H
contains every 3-cycle. It follows from Lemma 2.26 that H = A,,. O

Example 2.28. Arguing as in the proof of Proposition 2.27, we find that if
n > 3, then A, contains no subgroup of index 2. This provides a counterex-
ample to the converse of Lagrange’s theorem: for example |A4] = 12, so 6
divides the order of A4, but A4 has no subgroup of order 6.

Lemma 2.29. Let n > 2 and G < S,,. Then cither G < A,,, or GNA,, is a
normal subgroup of index 2 in G.

Proof. Exercise. O

2.5 Conjugacy classes in A,

What are the conjugacy classes in A,7 Since A, is a normal subgroup of .S,,,
we at least know that A, is a union of conjugacy classes S,,; namely it is the
union of the conjugacy classes of even permutations.

Hence for o € A,,, we have 0°» C A,,. Are all elements of 0" conjugate in
A,? The answer is no in general. Consider for example A3, which contains
the conjugacy class (1 2 3)% = {(1 2 3),(1 3 2)}. But Az is abelian, so
(12 3) and (1 3 2) are not conjugate in As. An exercise shows that (1 2 3)
and (1 3 2) are not conjugate in Ay either, but they are conjugate in A, for
n > 5.

In general it turns out that either o°» = g or o = g4 U (0’)"" is the
union of two distinct A,-conjugacy classes of equal size. In the latter case we
say that the conjugacy class splits in A,,. When does a conjugacy class split?
The answer is provided by the following lemma, in terms of centralizers.

Lemma 2.30. Let G be a finite group and let N<G be such that [G : N] = 2.
Let g € N. The following statements hold:

(i) If Cq(g) £ N, then gV = g©.

(i) If Ca(g) < N, then g¢ = g™V U (¢')V for some ¢ € N, and moreover
9™ = 1(g")V] = 19°1/2.
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Proof. (i) Suppose that Cs(g) £ N. It will suffice to prove that for z €
G\ N, we have zgz™' € gV. Let h € Cg(g) \ N. Since z ¢ N and
h & N, we have hx € N because G/N = (C,. Since hah™' = x we get
rgr~t = (zh)g(xzh)~t € gV.

(ii) Suppose that Cs(g) < N, so Cg(g) = Cn(g). Then
99 =[G : Cn(9)] =[G - N[N : Cw(g)] = 2lg"]

by Lemma 1.114, so |¢g"| = [¢%|/2. Let ¢’ € g% \ ¢, say ¢’ = zgz~L.

Then Cg(g') = 2Cq(g)z™ < N, so by the same argument |(¢")V| =
|g%|/2. Since distinct conjugacy classes of N are disjoint, we conclude
that g = ¢V U (¢)".

O

Lemma 2.31. Suppose that n > 5. Then 3-cycles are conjugate in A,.

Proof. By Lemma 2.30, it will suffice to verify that for a 3-cycle 0 = (i j k) €
A, we have Cg, (o) £ A,. For this, take 7 = (I m) a transposition disjoint
from 0. Then 7 € Cg,(0) (Lemma 2.2) and 7 & A,,. O

With the same proof, one can generalize Lemma 2.31 to show that for
k odd, the k-cycles for k < n — 2 are conjugate in A,,. More generally, one
can prove that for o € A, the conjugacy class o splits in A, if and only
if the cycle decomposition of ¢ consists of disjoint cycles with distinct odd
lengths. (For example, in Ay the 3-cycles split into two classes, since they
are a product of a 3-cycle and a 1-cycle.)

2.6 A, is simple for n >5
Theorem 2.32. Let n > 5. Then A, is simple.

Proof. Let N < A,, be a non-trivial normal subgroup. It will suffice to prove
that N contains a 3-cycle, since then N will contain all 3-cycles by Lemma
2.31, and thus N = A,, by Lemma 2.26.

Let ¢ € N be a nontrivial element, and write its decomposition into a
product of disjoint cycles as g = mymg - - - 1. We consider the different possi-
bilities for the cycle decomposition, and show that in each case we can find
a 3-cycle in V.

Case 1: Some cycle has length > 4. By replacing g with a conjugate and
rearranging the 7;, we can assume that 7 = (123 --- s) with s > 4. Set
o =(123). Then

ogo! = (omo ) (omo ™) -+ (omo ™)
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= (omo Hmy---m
=(2314 - s)my---m.

Here we have used the fact that o is disjoint from ms, ..., m; and thus
commutes with them. Since ogo~! € N by normality of N, it follows that
ogolg'=(2314---5)(123 --- s)"'=(124)€N.

Case 2: Fach cycle has length < 3, and there are at least two 3-cycles. By
replacing g with a conjugate and rearranging the m;, we can assume that
m = (123)and mp = (4 56). Set 0 = (1 5)(26 3 4). Then

ogo~t = (omo ") (omo ) (omso ) -+ (omo )
= (0‘7T10'_1)(O'7T20'_1>7T3 v

=(132)(456)m3---m.
Thus ogo~lg7! =(123) e N.

Case 3: There is exactly one 3-cycle, and rest of the cycles have length < 2.
By replacing g with a conjugate and rearranging the m;, we can assume that
g = (12 3)my---m, where 7; are 2-cycles. Then ¢* = (1 3 2)72-- -7 =

(132)€N.

Case 4: All cycles have length < 2. There must be at least 2 cycles since
g € A,, so by replacing G with a conjugate, we may assume that g =
(12)(3 4)mg---m. Let 0 = (1 2 3). Calculating as in the previous cases
shows that ocgo~'g™" = (1 3)(2 4) € N. Then for 7 = (1 5 3), we have
7(13)(24)r1(13)(24) = (135) € N.

The cases above exhaust all possibilities, so we conclude that N contains
a 3-cycle and thus N = A,,. n

2.7 Group actions

Group actions are a convenient way to study the possible ways a group GG
(or homomorphic images of G) can be realized as a group of permutations.
Thanks to the orbit—stabilizer theorem (Theorem 2.40), group actions are
also fundamental in various counting arguments that come up in finite group
theory.

Definition 2.33. Let G a group and let X be a nonempty set. An action
of G on X ismap a: G x X — X, (g,x) — g - x such that:
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(i) 1-z =z foral z € X;
(ii)) (gh)-x=g-(h-x) forall g,h € G and x € X.

In this case we say that G acts on X, and such an X is called a G-set.
We will often write gx instead of g-x for g € G and x € X. The action of an
element g € G is the map o, : X — X defined by «o,(z) = gz for all z € X.

Example 2.34. Let GG be a group.

(a) Let H < G and consider the set X = {xH : © € G} of left cosets of H
in G. Then G acts on X via g- (zH) = gz H.

(b) G = S,, acts naturally on X = {1,2,...,n}, viao-i = o(i) for 0 € S,
and 1 € X.

(¢) G acts on itself by conjugation. That is, we have an action of G on
X = G defined by g -2 = grg~! for all g,z € G.

The study of group actions of G on a set X is really the same thing as the
study of group homomorphisms G — Sym(X ), which are called permutation
representations. This is seen from the next lemma:

Lemma 2.35. Let G be a group. Then the following statements hold.
(i) If G acts on a set X, then oy : X — X is a bijection for all g € G.

(ii) If G acts on a set X, then ¢(g)(z) := g -« defines a homomorphism
¢ : G — Sym(X).

(ili) If ¢ : G — Sym(X) is a homomorphism, then g -z := p(g)(x) defines
an action of G on X.

Proof. (i) If G acts on aset X, then it follows from (i) and (ii) in Definition
2.33 that aga,1 = idx = o410, for all g € G. Therefore a is a
bijection with inverse ag-1.

(ii) In other words, we have defined p(g) = oy for all g € G. Thus ¢ is a
well-defined map ¢ : G — Sym(X) by (i). Moreover, we have ayoy, =
agp for all g, h € G by (ii) in Definition 2.33, so ¢ is a homomorphism.

(iii) In other words, we have defined a map o : G x X — X by a(g,z) =
g-x=¢(g)(x) for all g € G and = € X, and we need to check that this
is an action of G on X. Definition 2.33 (i) is satisfied since ¢(1) must
be the identity map (Lemma 1.59 (ii)). Definition 2.33 (ii) is satisfied
since p(gh) = w(g)p(h) for all g, h € G.

[
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As is clear from Lemma 2.35, each action of G on a set X corresponds to
a unique homomorphism G — Sym(X ), and conversely each homomorphism
G — Sym(X) corresponds to a unique action of G on X. An action of G on
X is faithful if the corresponding homomorphism is injective, equivalently if
the kernel of the homomorphism is trivial.

Definition 2.36. Let GG be a group acting on a set X. The orbit of z € X
under the action of G is the set Gz = {g-z : g € G}. We will also sometimes
denote orbg(x) := Gz.

Lemma 2.37. Let G be a group acting on a set X. For any two orbits Gx
and Gy, either Gz = Gy or Gz N Gy = 0.

Proof. Note first that
Ggr = Gz for all g € G. (2.2)

Suppose then that there exists z € Gz N Gy, say z = gr = hy for some
g,h € G. Then Gz = Gz and Gy = Gz by (2.2), so Gz = Gy. Thus any two
orbits are either equal or disjoint, which proves the lemma. O

By Lemma 2.37, if a group G acts on a set X, the orbits partition X. In
other words, we have a disjoint union

X:UG:E

€S

where S is a set of representatives for the orbits. If there is only one orbit,
we say that the action of G on X is transitive. Note that G acts transitively
on any orbit Gz.

If X is a finite set, say

X=GriU---UGx,
with xq,...,x; € X representatives for the orbits, then
| X| = |Gxy|+ -+ + |Gyl
We next explain how the sizes of the orbits are calculated.

Definition 2.38. Let G be a group acting on a set X. The stabilizer of
z € X is the set G, = {g € G : gr = z}. We will also sometimes denote
stabg(x) = G,.
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For a group G acting on a set X, the kernel of the action is the kernel of
the corresponding homomorphism G — Sym(X). It is clear that the kernel

is equal to
) G,

reX
so the action of G on X is faithful if and only if (), .y G, = {1}.

Lemma 2.39. Let G be a group acting on a set X. Then the following hold:
(i) G <G forallx € X.
(i) gG.g7' =Gy forallge G and z € X.

(i) Let x € X. Then gG, = hG, if and only if gx = hx.

Proof. (i) Let z € X. It is immediate from the definitions that 1 € G,
and that g, h € G, implies gh € G,. Moreover if g € G, then ¢g7! -z =
gl (g-x)=1-2=x,50¢g"'€qG,. Thus G, <G.

(ii) Let g € G and x € X. For h € G,, we have ghg~'(gz) = gh(g'gx) =
ghx = gz, 50 gG,g~' < G, The same argument shows that ¢~ 'G .9 <
G140 = Gy, 80 Gy < gG,g7 " and thus ¢G,g ! = Gy,

(iii) We have gG, = hG, if and only if h™'g € G,, which is a equivalent to
h=tgx = x. Clearly h™'gx = z if and only if gz = hz.
[

Theorem 2.40 (Orbit—Stabilizer theorem). Let G be a group and suppose
that G acts on a set X. Let x € X. Let ) be the set of left cosets of G,.

Then the map
Vv — Gx

defined by (9G.) = gz is a bijection. In particular |orbg(x)| = [G : Gy

Proof. The fact that 1 is well-defined and injective follows from Lemma 2.39
(iii). Since v is clearly surjective, it is a bijection. Thus |Q| = |Gz, so
G : G| =|Gx|.

]

Remark 2.41. Let G be a group acting on two sets X and Y. We say that
X and Y are equivalent (isomorphic) as G-sets, if there exists a bijection
¥ : X — Y such that ¥(gz) = gio(z) for all z € X. For equivalent G-sets X
and Y, the action of GG is essentially the same, just the names of the elements
that G acts on are different (and the different names or labels are provided
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by the bijection ). This is analogous to the isomorphism of groups (recall
e.g. Example 1.16).

It is clear that for the bijection ¢ : 2 — Gz in Theorem 2.40, we have
Y(gw) = g¥(w) for all w € Q, so Q and Gz are equivalent as G-sets.

Thus any transitive G-set is equivalent to the action of G' on the left
cosets of some subgroup of G. More precisely, if G acts transitively on X,
then the action of G on X is equivalent to the action of G on the left cosets
of G.

The orbit—stabilizer theorem tells us that the size of an orbit is the index
of the stabilizer of a point. We will now see how many of the results and
concepts are special cases of the orbit—stabilizer theorem. These include,
for example, the fact that the size of a conjugacy class is the index of the
centralizer.

Example 2.42. Let G be a group. Some basic examples of group actions,
along with the orbits and the stabilizers.

(a) Let o € S,,. Consider the natural action of G = (o) on X = {1,2,...,n}.

e Orbits: orb,(i) for 1 <i < n.
e Stabilizers: stabg(i) = (o%), where k > 0 is minimal such that

o (i) = i.

(b) Let H < G and consider the set X = {zH : x € G} of left cosets of H
in G. Then G acts on H via g- (zH) = gz H.

e Orbits: Only one orbit, orbg(H) = X.
e Stabilizers: Stabilizer of xH is stabg(zH) = xHz ™.

(c) G acts on itself by left multiplication. That is, we have an action of G
on X = G defined by g -z = gx for all g,z € G. The corresponding
homomorphism G' — Sym(G) is the left regular representation (Theorem
1.66).

e Orbits: Only one orbit, orbg(z) = G for all z € G.
e Stabilizers: stabg(z) = {1} for all z € G.

(d) Let H < G. We have H acting on X = G by left multiplication.

e Orbits: Cosets of H, with orby(z) = Hz for all z € G.
e Stabilizers: staby(z) = {1} for all z € H.
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(e) G acts on itself by conjugation; that is, we have an action of G on X = G
via g -2 = grg~! for all g,z € G.

e Orbits: Conjugacy classes, i.e. orbg(z) = 2.

e Stabilizers: Centralizers, i.e. stabg(z) = Cg(z).

(f) G acts on the set of its subgroup by conjugation; that is, we have an
action of Gon X = {H : H <G} viag- H=gHg ! for all g € G and
H<G.

e Orbits: Conjugacy classes of subgroups.
e Stabilizers: Normalizers, i.e. stabg(H) = Ng(H).

(g) G =S, acts naturally on X = {1,2,...,n}, viao-i = o(i) for o € S,
and 1 € X.

e Orbits: Only one orbit, orbg(i) = X for all 1 <i <mn.
e Stabilizers: stabg(7) is isomorphic to Sym(X \ {i}) = S,_;.

(h) Let V be a finite-dimensional vector space over a field F, with n = dim V.
Then G =GL(V) ason V viag-v=g(v) forallge Gandv e V.

e Orbits: Two orbits, {0} and V' \ {0}.

e Stabilizers: stabg(0) = G, and for v € V'\{0} the stabilizer stabg(v)
is isomorphic to the group of matrices of the following form:

where A € GL,,_(F).

Lemma 2.43. Let G be a finite group and let H < G with |G : H| = n. Then
the action of G on the left cosets of H induces a homomorphism ¢ : G — S,
with

Kery = ﬂ gHg™ .

geG

Proof. The action of G on the left cosets of H induces a homomorphism ¢ :
G — S, as we have seen in Lemma 2.35. The kernel of this homomorphism
is the intersection of all stabilizers. The stabilizer of a left coset gH is equal
to gHg ™', so Ker p = NyeggHg™". O
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We finish this section with one more example. Consider G = GLy(2) and
let V' = 3 with basis ey, €. In this case, the action of G on V'\ {0} provides
a homomorphism

© . GL2(2) — 53,

since there are only 3 non-zero vectors V; indeed V' \ {0} = {e1, e, €1 + €2}.

It is clear that the action of G is faithful, so ¢ must be injective. Since
| GLa(2)| = |S5], the map ¢ is an isomorphism, and so GLy(2) = S3. Label-
ling the non-zero vectors ey, ey, e; + €5 as 1, 2, 3 we have

S () R ()
(D) o((1 )00
S () RT3
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3 Linear groups

In this section, we will prove some basic results about the groups GL,, (IF) and
SL,,(F), where F is a field. Our focus is on the case where F is a finite field,
but many of the methods described in this section will work over arbitrary
fields as well.

3.1 On finite fields

The main example of a finite field of F, = (Z/pZ,+,-), the field of integers
modulo p, where p is a prime.

Let F be a finite field. Let p be the characteristic of F, i.e., the smallest
positive integer such that

pl=1+4---+1=0.
—_——

p summands

Since F is a field, it follows that p is a prime number, and moreover
{ml:m e Z}

is a subfield of [ isomorphic to F,, called the prime field. Thus we can
identify F, = {ml:m € Z}.

Now F is a vector space over I, (scalar multiplication is just multiplication
by elements of F,)). Let o, ..., o, be a basis for F over F,,. Then any element
of F is uniquely expressed as a linear combination Y " | ¢;o; with ¢; € F,, so
it follows that |F| = p™.

Thus every finite field has order equal to a prime power. Conversely, for
any prime power there exists a finite field of that order.

Theorem 3.1. Let ¢ = p™, where p is a prime. Then there exists a field F
with |F| = q, and moreover F is unique up to isomorphism.

Proof. Omitted. O

Thus for each prime power g = p™ there exists a unique field of order ¢
up to isomorphism, and we denote such a field by F,. Note that in Theorem
1.52, we proved that the multiplicative group of a finite field is cyclic. In
other words, we have F = C;_; for any prime power q.

Example 3.2. We know that F} is cyclic of order 3, say F} = {1, a,a?},
where o = 1. Then

0=a’—1=(a—1)(a*+a+1),
so a®+a+1=0since a # 1. Since Fy; = {0,1,a, a?}, it is clear how to

multiply elements in Fy.
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)

0 1 o «
0Oj0 O 0 O
110 1 a o
al0 a o 1

a?l0 o2 1 «

The addition operator in F is determined by the fact that a®?+a+1 =0,
for example a? +a = 1 and a+ 1 = o?. Note that (Fy, +) is not cyclic, since
r+x =0 for all x € Fy.

[\

+ |0 1 a «

0] 0 1 o o
111 0 o «
ala o2 0 1

a?la2 o2 1 0

3.2 Basic properties of GL,(q) and SL,(q)

Let ¢ be a power of a prime. For GL,(F,) and SL,(F,), we use notation
GL,(q) :== GL,(F,) and SL,(q) := SL,(F,).

Lemma 3.3. | GL,(q)| = (¢" = 1)(¢" —q) -~ (¢" —¢" ")

Proof. An n x n matrix is invertible if and only if its columns are linearly
independent, i.e. if they form a basis of the vector space ;. Thus | GL,(q)|
is equal to the number of ordered bases of Fy, as a vector space over F,. Now
vectors (vy,...,v,) form a basis if and only if v; # 0, and v; & (v1,...,v;_1)
for all 1 <7 < n. Thus there are ¢" — 1 choices for v;. For each such v, there
are " —q possible choice for vy, since there are ¢ vectors in (v1). Similarly for
v3 we have ¢" — ¢* choices, since there are ¢* vectors in (vy,v5). Continuing
in this manner, we see that there are a total of

(¢" = D" = )" =) ("= q")
bases of GL,(q). O

For the order of SL,(q), we note that SL,(q) is the kernel of the homo-
morphism det : GL,(q) — F. It is easy to see that this homomorphism is
surjective, so by the first isomorphism theorem GL,(g)/SLyn(¢q) = F and

|SL,(q)| = | GLn(q)|/(q — 1).
Lemma 3.4. Let n > 1. Then the following hold:
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(i) Z(G(Ln)(q)) = {Al, : A € F}, the group formed by scalar matrices in
GL,(q).

(ii) Z(SLn(q)) = {Mn: A € F A" = 1},
Proof. Exercise. O]

The group PGL,(q) := GL,(q)/Z(GL,(q)) is called the projective general
linear group (over F,), while PSL,(q) := SL,(q)/Z(SL,(q)) is called the
projective special linear group (over F,). It can be proven that if n > 2,

then PSL,(q) is a non-abelian simple group, except for PSLy(2) = S3 and
PSLy(3) = Ay.

3.3 Polynomial rings

Let IF be a field. The polynomial ring F[¢] in the indeterminate ¢ (or variable)

is a the vector space over IF with basis 1, ¢, 2, t3, ... where multiplication is
defined as
(Ser) () - (3 o)
>0 >0 k>0 \itj=k

(We denote t° = 1.) Then (F[t],+,-) is a commutative ring with multiplica-
tive identity 1.
Each non-zero p(t) € F[t] can be written uniquely in the form

p(t) =ag+ art + -+ a1 1"+ ant”

for some n > 0 and ag, ..., a, € F, where a,, # 0. In this case we call n
the degree of p(t) and denote degp(t) = n. A polynomial p(t) is constant, if
p(t) =0 or deg p(t) = 0; in other words p(t) = ag for some ag € F.

The ring F[t] is an Euclidean domain, in other words, there is a division
algorithm. Suppose that f(t) € F[t] is non-zero. Then for all p(t) € FJt]
there exist unique ¢(t), r(t) € F[t] such that

p(t) = q(t)f(t) + r(t), where r(t) =0 or degr(t) < deg f(t).

If r(t) = 0, we say that f(¢) divides p(¢) and denote f(t) | p(t).
For every p(t) € F[t] and ¢ € F, the division algorithm gives

p(t) = q(t)(t =) +d

for some d € F. Thus it follows that p(c) = 0 if and only if ¢ — ¢ divides p(t).
A non-constant polynomial p(t) is irreducible (over IF), if p(¢) cannot be
written as the product of two non-constant polynomials in F[¢]. In other
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words, if p(t) = a(t)b(t), then a(t) or b(t) is constant. For example t* + 1 is
irreducible in R[t], but has factorization

1= (t—1i)(t+1)

in C[t].
We call a non-zero polynomial p(t) € F[t] monic if it has leading coefficient
1, in other words

pt) =t"+ et et + e

for some ¢y, ..., ¢,_1 € F.

Since F[t] is an Euclidean domain, greatest common divisors exist. Let
f(t),g(t) € Flt]. Then d(t) = ged(f(t),g(t)) is the unique monic polynomial
such that:

d(t) [ f(t) and d(t) | g(t);
e If p(t) is such that p(t) | f(t) and p(t) | g(¢), then p(t) | d(t).
By Bézout’s lemma there exist a(t),b(t) € F[t] such that
a(t) (1) + b(0)g(t) = eed (1), 9(0)).

Since F[t] is Euclidean, it is a unique factorization domain, so we have
unique factorization of polynomials into irreducibles. Let p(t) € F[t] be non-
constant. Then

p(t) = api(t)* - pe(t)™

for some a € F, monic irreducible polynomials p;(t), ..., p.(t), and integers
ki, ..., k. > 0. Moreover, this factorization of p(t) is unique, up to the
ordering of the factors pi(t), ..., p.(t). For example, the factorization of

t3 — 1 into irreducibles is

t—1=@t-1)(+t+1) inFyft],
th—1=(@t—-1)? in Fs[t],
tP—1=0t-1)+t+1) inTFst,
3 —1=(t—1)(t—2)(t—3)in F[t].
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3.4 Characteristic polynomials and eigenvalues

Let F be a field and let V' be a finite-dimensional vector space over F. For a
linear map f : V — V, recall that an eigenvector of f with eigenvalue o € F
is a non-zero vector v € V' such that f(v) = av. For a € F, we denote by V,
the eigenspace

Vo={veV:fw)=av}.
Let A € GL,(F). Recall that the characteristic polynomial of A is the
monic polynomial p4(t) € F[t] defined by

pa(t) = det(tl, — A).

(Here we are taking the determinant of a matrix with entries in [F[t].)

Example 3.5. Let A € GLy(F), say A = <z Z) Then

palt) = det (t_‘ca t‘_bd) — (t— a)(t —d) — be
=t* — (a + d)t + (ad — bc)
=1* — tr(A)t + det(A).
(Here tr(A) is the trace of the matrix A, which is defined the sum of the
diagonal entries of A.)

We recall some basic properties of p4(t). First note that the characteristic
polynomial is the same for any conjugate of A.

Lemma 3.6. Let A € GL,(F). Then any conjugate of A has the same
characteristic polynomial as A.

Proof. We have

pxax—1(t) = det(tl, — XAX 1)
= det(X (t, — A)X )
= det(X) det(t], — A) det(X) "
= palt)
for all X € GL,(F). O

Lemma 3.7. Let A € GL,(F). Then A has an eigenvector in F" with
eigenvalue o € F if and only if a is a root of pa(t).

Proof. There is an eigenvector in F" with eigenvalue o € F if and only if
al, — A has nontrivial kernel, which is equivalent to det(al, — A) = 0. Since
pa(a) = det(al, — A), the result follows. O
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3.5 Conjugacy classes of GLy(q)

In section, we will give a description of the conjugacy classes of GLs(q).

Lemma 3.8. Let V = (F,)% Suppose that A € GLa(q) has an eigenvector
in V' with eigenvalue o € Fy. Then the following hold:

(i) If the eigenspace V,, is 2-dimensional, then
a 0
=6 o)

(ii) If A has another eigenvalue 3 # «, then A has characteristic polynomial
(t — «)(t — B) and is conjugate to

a 0
Saﬁ = (0 6) .

(iii) If the eigenspace V,, is 1-dimensional and « is the only eigenvalue of A,
then A has characteristic polynomial (t — «)? and is conjugate to

(a1
ta=1{g o
(iv) Leta, o/, B, € F,. Then sop and sy g are conjugate in GLo(q) if and
only if {or, 5} = o, 1)

(v) Let a,o € F,. Then uy, uy are conjugate in GLo(q) if and only if
a=da.

18 a scalar matrix.

Proof. (i) In this case V = V,, so Av = av for all v € V' which makes it

clear that A = (Oé O).
0 «o

(ii) We are assuming that « and § are eigenvalues of A, so there exist non-
zero vectors v, € V, and vg € V3. Now vg € V,,, so {v,, vs} is linearly
independent and thus a basis of V. Then the matrix of A with respect

to this basis is
a 0
Sa,p = 0 6 s

so A is conjugate to s, 5 in GLa(q).
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(iii) Let v € V, be nonzero, and extend this to a basis {v, w} of V. We have
Av = aw and Aw = pw + v for some 3,7 € F,, so the matrix of A
with respect to this basis is

a v
0 B)°

Thus the characteristic polynomial of A is (¢t — a)(t — 3), and so § = «
since « is the only eigenvalue of A.

Note that v # 0, as otherwise w would be an eigenvector. Thus we can
replace v by v' = yv to get another basis {v’, w}, for which Av" = av’
and Aw = aw + v, so the matrix of A is

I 1
T \0 «
with respect to the basis {v/,w}. Therefore A is conjugate to u, in
GLa(q).

(iv) Suppose that s,z and wu, g are conjugate. Then they must have the
same characteristic polynomial. Since their characteristic polynomials
are (t —a)(t — ) and (t — &')(t — B'), we conclude {a, 8} = {/, 5'}.
Conversely, suppose that {a, 8} = {/, '}, If « = o’ and 5 = [, then
50,3 = So,p. Otherwise @ = " and = o/, and we should show that
Sq,8 18 conjugate to sy 3 = Sgo. Let e;,es be the standard basis of
column vectors. Then with respect to the basis {es, €1} the matrix of
Sg.q is the same as that of s, g, so they are conjugate in GLa(q). (For

. . . (0 1
example via the change of basis matrix (1 O) )
(v) If u, and u, are conjugate, they must have the same characteristic
polynomial. The characteristic polynomials of u, and u, are (t — «)?
and (t — o/)?, respectively, so o = /. Conversely if @ = o then

Uy = Uy’ -

]

Lemma 3.9. Suppose that A € GLa(q) has no eigenvectors in (F,)?, and let
p(t) = t* + Bt + « be the characteristic polynomial of A. Then:

(i) The polynomial p(t) is irreducible, and A is conjugate to

0 _
Cotr) = (1 _g) :

73



Topics in Algebra: Group Theory Mikko Korhonen

(i) For any polynomial p(t) € Fy[t], the matriz Cpyy in (i) has characteristic
polynomial equal to p(t).

iii) Let p(t),q(t) € F,|t] be irreducible monic polynomials of degree 2. Then
q
Cpwy and Cyyy are conjugate if and only if p(t) = q(t).

Proof. (i) As a degree two polynomial p(t) is irreducible if and only if it
has no roots in F,. This is the case since A has no eigenvectors in
V = (F,)%
Now pick a non-zero vector v € V. Then Av ¢ (v) since A has no
eigenvectors, so {v, Av} is a basis of V. Thus we can write A%y =
—a'v — f'Av for some o, 3 € F,. Then with respect to the basis
{v, Av} the matrix of A is

0 —ad
o= 75).
so A is conjugate to C' in GLy(gq). The characteristic polynomial of
C is equal to t2 + 't + o’. Since conjugate matrices have the same

characteristic polynomial, we have p(t) = t* + 't + o and thus o/ = «
and B’ = 3. In other words C' = Cpy).

(ii) Straightforward calculation.

(iii) If Cpy and Cyyy are conjugate, they must have the same characteristic
polynomial, so p(t) = ¢(t) by (ii). Conversely if p(t) = ¢(t), then
Cotty = Copo)-

0

In view of Lemma 3.9, to calculate the total number of conjugacy classes,
we should count the number of irreducible polynomials t* + 8t + « € F,[t].

Lemma 3.10. Let g be a prime power. The number of irreducible polynomi-
als in Fy[t] of the form t* + Bt + « is equal to q(qg — 1)/2.

Proof. Exercise. []

With Lemma 3.8 and Lemma 3.9, we have found representatives for all
conjugacy classes of GLa(q).

e ¢ — 1 classes corresponding to scalar matrices (Lemma 3.8 (i)).

e (¢ —1)(q — 2)/2 classes consisting of diagonal matrices with distinct
eigenvalues (Lemma 3.8 (ii));
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e g — 1 classes consisting of non-diagonalizable matrices with an eigenva-
lue (Lemma 3.8 (iii));

e ¢(q—1)/2 classes with an irreducible characteristic polynomial (Lemma
3.9 and 3.10);

Thus there are a total of k&(G) = ¢* — 1 conjugacy classes in G. We
will now calculate the size of each conjugacy class ¢“, which is equal to
[G : Ca(g)]. A scalar matrix g € G is central, so |¢g¢| = 1. For diagonal
matrices with distinct eigenvalues, we have |Cq(g)| = (¢ — 1)?, so |¢¢] =
q(g+1). For g € G non-diagonalizable with one eigenvalue, we have |Cs(g)| =
q(qg — 1) and so |¢g%| = (¢ — 1)(¢ + 1). Finally for ¢ € G with irreducible
characteristic polynomial we have |Cq(g)| = (¢ — 1)(¢ + 1) and so |¢g%| =
q(q¢ — 1). (The details of these calculations are left as an exercise.) We
summarize the information about the conjugacy classes in Table 2.

Example 3.11. Here is an illustration in the smallest case, G = GLy(2).
We have following representatives for the conjugacy classes:

10
e Scalar: (O 1).

e Non-diagonalizable with one eigenvalue: u; = <(1) D

0
1

e Irreducible characteristic polynomial: Cp) = }) with irreducible

characteristic polynomial p(t) = t* +t 4 1 (This is the only irreducible
degree 2 polynomial in Fy[t].)

Thus there are a total of 3 conjugacy classes. (One could also deduce this
from the fact that G = Sj.)

Example 3.12. Exercise: Determine similarly representatives for the con-
jugacy classes of GL(3), and the size of each conjugacy class. (There are 8
conjugacy classes.)

Example 3.13. Exercise: Describe representatives for the conjugacy classes
of elements of order 3 in GLy(7). (There are 5 conjugacy classes of elements
of order 3 in GLy(7).)

5



Topics in Algebra: Group Theory Mikko Korhonen

Type Number of classes Representatives Characteristic  Size of class
polynomial
a 0 2
Scalar g—1 <O a) (t—«) 1

Diagonalizable (¢ —1)(q —2)/2 (g g), a#B (t—a)(t—0) q(g+1)

Non-diagonal, qg—1 (g i) (t — )? (g—1D(g+1)
one eigenvalue

Irreducible q(g—1)/2 <(1) _g) 2+ Bt+a q(q—1)
characteristic (irreducible)

polynomial

Table 3: Conjugacy classes in G = GLy(q).

3.6 Minimal polynomials

For A € GL,(F) and a polynomial f(t) € F[t] with f(t) = axt* + ap_1t* 1 +
-+« 4 ajt + ag, we denote by f(A) the polynomial evaluated at the matrix A;
in other words

f(A) = qpAF + ap 1 A+ @i A+ al,

Theorem 3.14 (Cayley-Hamilton theorem). Let A € GL,,(F) with charac-
teristic polynomial pa(t) € F[t]. Then pa(A) = 0.

Proof. Omitted. (The usual proof is an application of the Jordan normal
form.) O

For our purposes, we will mostly need the Cayley—Hamilton theorem in
degree n = 2, in which case it is easy to prove. For A € GLy(F), we have

pa(t) = t* — tr(A)t + det(A),
where tr(A) is the trace of A. It is straightforward to verify that
A? —tr(A)A + det(A) I, = 0.

A minimal polynomial for A € GL,(F) is a monic polynomial m(t) € F[t]
of minimal degree such that m(A) = 0.

Lemma 3.15. Let m(t) be a minimal polynomial of A € GL,(F). Let f(t) €
F[t]. Then f(A) =0 if and only if m(t) divides f(t).
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Proof. 1f m(t) divides ¢(t) the lemma is clear. For the other direction, use the
division algorithm to write f(t) = q(t)m(t) + r(t) where degr(t) < deg m(t);
by minimality of m(t) we must have r(t) = 0. O

It follows from Lemma 3.15 that a minimal polynomial of A is unique.
We will denote it by m4(t). By the Cayley-Hamilton theorem, m(t) divides
the characteristic polynomial pa(t).

Lemma 3.16. Let A € GL,(F). Then any conjugate of A has the same
minimal polynomial as A.

Proof. Let g € GL,(F). For any polynomial p(t), we have p(gAg~') =
gp(A)g™1, so p(A) = 0 if and only if p(gAg~') = 0. The lemma follows. [

Lemma 3.17. Let A € GL,(F). Then degma(t) < n.

Proof. By Cayley—Hamilton m(t) divides pa(t), from which the result fol-
lows. O]

In degree n = 2, by the Cayley—Hamilton theorem the minimal polyno-
mial of A € GLy(FF) has either degree 2 or degree 1. Moreover, it is clear
that the degree is 1 if and only if A is equal to a scalar matrix

a 0
0 «
for some o € F*. Thus if A is not a scalar matrix, then by Cayley—Hamilton

the minimal polynomial of A is the characteristic polynomial of A. We record
this observation in the following lemma.

Lemma 3.18. Let A € GLy(F) be a non-scalar matriz. Then the minimal
polynomial of A is the characteristic polynomial pa(t) = t*—tr(A)t+det(A) L,
of A.

Example 3.19. Let F be a field of characteristic p > 0. Suppose that
A € GLy(F) is such that |A| = p. Since p is prime, this is equivalent to
AP = [y and A # I,. On the other hand, by the binomial theorem

P
(A— L) = Z_; (YZ) A(—1)Pi = AP — [, = 0
since (’;) = 0 mod p for all 0 < ¢ < p. Therefore the minimal polynomial
of A divides (A — I5)P. Since the minimal polynomial has degree < 2 by
Cayley—Hamilton, we conclude that m(t) = (t — 1)%.
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Therefore the only eigenvalue of A is 1, and by Lemma 3.8 we conclude
that A is conjugate to the matrix

11
0 1)°
In particular, there is a unique conjugacy class of elements of order p in

GLa(F).

3.7 Orders of elements

Let ¢ be a prime power. Using the minimal polynomial, we can describe the
order of A € GL,(q). Indeed, we have A* = I, if and only if A* — I, =0,
which by Lemma 3.15 is equivalent to m4(t) dividing the polynomial t* — 1.
Thus we have the following result.

Lemma 3.20. Let A € GL,,(q). Then |A| is the smallest integer k > 0 such
that ma(t) divides t* — 1.

We now illustrate this in degree n = 2 for matrices of determinant 1, and
as an application give a proof of a theorem of Miller on the order of a product
of two elements (Theorem 1.30). First we need a lemma.

Lemma 3.21. Let F be a field of characteristic # 2. Let A € SLy(F) be such
that A has order 2. Then A = —15.

Proof. Exercise. O]

Theorem 3.22 (Miller, 1900). Let m,n,¢ > 1 be integers. Then there exists
a finite group G which contains elements x and y such that |z| = m, |y| = n,
and |xy| = ¢.

Proof. Pick a prime p such that p does not divide 2mnf. The image of p in
(Z/2mnlZ)* has some finite order d, so ¢ = p? is equal to 1 modulo 2mn.
We will construct elements x,y € SLy(q) such that |z| = 2m, |y| = 2n, and
|zy| = 2¢. Then since —I5 is the unique element of order 2 in SLy(¢) (Lemma
3.21), we conclude that the images of z, y, zy in PSLy(q) = SLa(q)/(—1s)
have orders m, n, £, respectively.

The basic idea is that if A € SLy(q) is non-scalar, then the minimal
polynomial and the characteristic polynomial of A are equal (Lemma 3.18),
and given by

ma(t) = t* — tr(A)t + 1.

Thus by Lemma 3.20, the order of a non-scalar matrix A € SLy(q) is com-
pletely determined by its trace.
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Now 2m, 2n, 2¢ divide |F)| = ¢ — 1, so since F)* is cyclic (Theorem 1.52),
we can find «, 3,7 € F,* with orders |a| = 2m, 8] = 2n, and |y| = 2(. Let
0 € F, and define

SO B ()

Now z has characteristic polynomial (t — a)(t — a~') and is thus similar
to a diagonal matrix with entries o, « . Therefore |z| = 2m, and similarly
ly| = 2n. We have

(ap Q
e (65 o+ (aﬁ)‘l) |
Now with a suitable choice of § we can make tr(zy) equal to any element of
F, we wish, in particular we can choose ¢ such that xy has order 2¢.
Indeed, take 6 = v+ v~ — aff — (aB)7!, in which case tr(zy) = v+ !
and zy has characteristic polynomial (¢ —v)(t —~y~'). Then xy is similar to
a diagonal matrix with entries v, 7!, so |zy| = 2¢. O

3.8 Factorizations of polynomials

In general, when classifying the conjugacy classes of GL,,(F), one can reduce
to the case where the characteristic polynomial is equal to p(t)* for some
irreducible polynomial p(t) and integer £ > 0. This is a consequence of the
following lemma.

Lemma 3.23. Let A € GL,(F). Suppose that p(t), q(t) € F[t] are polynomi-
als such that ged(p(t), q(t)) = 1 and p(A)q(A) = 0. Then V =F" decomposes
as a direct sum

V =Kerp(A) @ Kerq(A).
Proof. Since ged(p(t), q(t)) = 1, by Bézout’s identity in F[t] we have
a(t)p(t) + b(t)q(t) =1
for some a(t),b(t) € F[t]. Thus for all v € V' we have
v=1v=a(A)p(A)v + b(A)g(A)v. (3.1)

Since p(A)q(A) = 0, we have p(A)b(A)q(A) = b(A)p(A)g(A) = 0, so we
conclude that b(A)g(A)v € Kerp(A). Similarly a(A)p(A) € Kerq(A), so
we have shown that V = Kerp(A) + Kerg(A). To show that the sum is
direct, we need to verify that Kerp(A) N Kerq(A) = 0. To this end, if
v € Kerp(A) NKerq(A), then it is immediate from (3.1) that v = 0. O
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We illustrate Lemma 3.23 for GL3(2). Now |GL3(2)| = 168 = 23-3 - 7.
By Cauchy’s theorem there exist elements of order 3 and 7 in GL3(2). How
to find such elements, and how to classify them up to conjugacy?

We consider elements of order 3 first. Suppose that A € GL3(2) is such
that |A| = 3. Then the minimal polynomial of A divides ¢* — 1, which
factorizes as

B—1=0t-1)E+t+1).

Since A # 1, the minimal polynomial must be divisible by t* +¢ + 1, and
thus the characteristic polynomial is divisible by #*+¢+1. The characteristic
polynomial has degree 3, so it must be the product of t> +¢ + 1 and a factor
of degree 1. This factor cannot be ¢ since A does not have zero as eigenvalue,
soitist—Tlandsopa(t)=(t -1+t +1)=1>—1.
The polynomials t — 1 and t? +t + 1 are coprime, so by Lemma 3.23 we
have
F3 = Ker(A — 1) @ Ker(A* + A+ 1).

Since 1 is a root of p4(t), we have dim Ker(A —1) > 1. A straightforward
check shows that dimKer(A — 1) = 1, so dimKer(A4% + A + 1) = 2. Let
v € Ker(A — 1) be non-zero, so A(v) = v. The linear map induced by A on
Ker(A?+ A+1) must have minimal polynomial and characteristic polynomial
A%+ A+1, so by Lemma 3.9 it has a basis {w, w’} such that A(w) = w’ and
Aw') =w+w'.

We conclude then that with respect to the basis {v, w,w'}, the matrix of
Ais

10
0 0
01

[ e R )

and so A is conjugate to this matrix. In particular we have shown that
there is a unique conjugacy class of elements of order 3 in GL3(2), with a
representative given by the matrix above.

It turns out there are two conjugacy classes of elements of order 7 in
GL3(2). Let A € GL3(2) be such that |[A| = 7. Then A" = 1, so the
minimal polynomial of A divides t” —1 € Fy[t], which has a factorization into
irreducible polynomials as

t—1=0t-1)E+t+DE +2+1)

in FQ [t]

Since the minimal polynomial of A has degree at most 3 (Lemma 3.17),
it follows that the minimal polynomial of A is either t — 1, 3 4+ ¢ + 1, or
t3+t?+1. It cannot be t — 1 since A # 1, so mu(t) =t3+t+1or 2 +t>+ 1.
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Both possibilities can be realized, and these correspond to the two conjugacy
classes of elements of order 7. This is seen from the next lemma.

Lemma 3.24. Let A € GLs(q) with minimal polynomial p(t) = 3 + ~vt* +
Bt + a irreducible in F[t]. Then:

(1)

(i)

(iii)

We have pa(t) = p(t), and A is conjugate to the matriz

0 0 —«
Coy=(1 0 =5
01 —v

For any irreducible polynomial p(t) € F,[t], the matriz Cpyy as in (i)
has its characteristic and minimal polynomial equal to p(t).

Let p(t), q(t) € Fy[t] be irreducible monic polynomials of degree 3. Then
Cpy and Cyyy are conjugate in GLs(q) if and only if p(t) = q(1).

Proof. (i) Since the minimal polynomial divides pa(t) and degpa(t) = 3,

it follows that pa(t) = p(t).

Let V = Fg and pick a non-zero vector v € V. Now A has no eigenvalues
since pa(t) = p(t) is irreducible, so Av & (v). Thus {v, Av} is linearly
independent. We claim that A*v ¢ (v, Av). For if we had A%v €
(v, Av), then the action of A on W = (v, Av) would induce a linear
map A" : W — W. Now dimW = 2, so A’ has minimal polynomial
ma(t) of degree < 2. On the other hand p(A") = 0, so ma/(t) | p(t), a
contradiction since p(t) is irreducible.

Thus A% & (v, Av). Then {v, Av, A*v} is a basis of V, and we can write
APy = —a'v — ' Av — 4/ A% for some o/, #',7' € F,. Then with respect
to the basis {v, Av, A%v}, the matrix of A is

0 0 —o
c=110 —-p5],
01 —

so A is conjugate to C' in GL3(q). A straightforward calculation shows
that C has characteristic polynomial equal to q(t) = t3+~'t*+ 't + .
Since A and C' have the same characteristic polynomial we get ¢(t) =
p(t), and so C' = Cpy).

A calculation shows that the characteristic polynomial is equal to p(t).
Since the minimal polynomial divides the characteristic polynomial and
since p(t) is irreducible, we conclude that p(¢) is also the minimal po-
lynomial.
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(iii) If Cpw) and Cy) are conjugate, they have the same characteristic po-
lynomial, so p(t) = q(t) by (ii). Conversely if p(t) = ¢(t), then Cpy) =
Car)-

O

As we saw before, for an element A € GL3(2) of order 7, the minimal
polynomial m4(t) is irreducible and equal to t3 +¢ + 1 or t* + ¢ + 1. Thus
it follows from Lemma 3.24 that A is conjugate to

P =

o~ o
— o o
o~ =

if ma(t) =13 +t+1, and A is conjugate to
0 01
0=1[10 0
011
if ma(t) = t>+t>+ 1. Note that by Lemma 3.24, we have mp(t) =3+t +1

and mg(t) =3 +t* + 1.

Example 3.25. Exercise: We have | GL3(7)| = 2%-3%-73-19. Find represen-
tatives for conjugacy classes of elements of order 19 in GL3(7). (There are 6
classes. Use the factorization t1° — 1 = (¢ — 1)(#3 + 2t — 1)(#3 + 3t*> + 3t —
(44t +t — 1) (83 + 42 + 4t — 1) (3 + 5t2 — 1) (3 + 612 + 3t — 1) in Fr[t].)

3.9 Generators for GLy(F) and SLy(F)

Let F be a field. In GLo(F), a transvection is a matrix which has one of the
following forms:
1 =z 10
0 1 y 1
where z,y € F*.
We have the following result.
Lemma 3.26. Any two transvections are conjugate in GLy(FF).

Proof. Immediate from Lemma 3.8 (iii). O

Lemma 3.27. The special linear group SLy(IF) is generated by transvections.
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Proof. Let A € SLy(F), say A = (CCL cbl

A on the left with a transvection corresponds to row operations; and simi-
larly multiplying A on the right with a transvection corresponds to column
operations. That is, for all A € F:

1 A a b\ f(a+Xc b+ )X
0 1 c d) c d
1 0 a b\ a b
A1 c d) \ec+Xa d+\b

C6 -
CE-C

Suppose that ¢ # 0. Then with row and column operations, we can reduce
A into the identity matrix:

Eo)> a2 Ga)-(os)

where d’ = 1 since row and column operations do not change the determinant.
Thus there exist transvections x1, ..., x;, ¥1, ..., Ys such that

). We note first that multiplying

(@)

.Il-..xtAyl..-ys:[Q

which implies that A is contained in the subgroup generated by transvections.

If ¢ = 0, then we must have a # 0. Then adding the first row to the
second changes A into a matrix where the entry corresponding to ¢ is non-
zero. It follows from the previous case that A is contained in the subgroup
generated by transvections. O]

Remark 3.28. In general for GL,(IF), a transvection is defined as follows.
For 1 <i,j < n, let E;; be the (n x n) matrix with 1 as the (,j) entry
(row 4, column j) and zeroes elsewhere. Then in GL,(F), a transvection is
a matrix of the form I, + AE; ;, where A € F and ¢ # j. Similarly to the
proof of Lemma 3.27, with Gaussian elimination one can show that SL,, (F)
is generated by transvections.

Lemma 3.29. The general linear group GlLo(F) is generated by the set of
transvections, together with matrices of the form (8 (1)>, where \ € F*.
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Proof. Exercise. m

Let ¢ be a prime power. The set of generators for SLy(q) provided by
Lemma 3.27 has size 2¢, while the set of generators for GL2(¢) in Lemma
3.29 has size 3¢. It turns out we can find a much smaller set of generators, and
indeed both groups can always be generated by two elements. For example,
suppose that ¢ # 2 and let ¢ € F be a generator for F* = C,;_;. Then for

. <g (1’) o = (g (91) y= (j (1))

we have GL2(q) = (x,y) and SLy(q) = (2/,y). This follows from a 1962 result
of Steinberg.

3.10 Simplicity of PSLy(q)

Let ¢ be a prime power. We know that PSLy(2) = S3 and PSLy(3) = A, are
not simple. In this section, we will prove that PSLy(q) is simple for ¢ > 3.
We will first do this for ¢ = 4 and ¢ > 5. After that we will prove that
PSLy(5) = As, so then PSLy(5) is simple since As is (Theorem 2.32).

Lemma 3.30. Let a € F be such that a # F1. Suppose that A € SLy(q)
has characteristic polynomial ps(t) = (t — a)(t — a™t). Then A is conjugate

to
a 0
= (5 o)

Proof. By Lemma 3.9 we know that A is conjugate to S in GLz(g), in other
words X AX ™! = S for some X € GLy(q). Let A = det(X). Now S commutes

with the diagonal matrix
D_ A0
L0 1)’

so DXA(DX) ' = 8. Now det(DX) = det(D) det(X) = 1, so DX € SLy(q)
conjugates A into S in SLa(q). O

in SLa(q).

Lemma 3.31. Suppose that ¢ = 4 or q > 5 and let A € SLy(q) be a non-
scalar matriz. Then there exists B € SLy(q) such that ABA B~ is conju-

gate to a matrixz of the form
A0
0 At

84

for some A\ € F¥ with A # £1.



Topics in Algebra: Group Theory Mikko Korhonen

Proof. Let V =TF2. Since A is non-scalar, there exists a vector v € V'\ {0}
which is not an eigenvector of A (Exercise 3.18). In other words we have
Av & (v), so {v, Av} is a basis of V. Write A*v = av + SAv. Then with
respect to the basis {v, Av}, the matrix of A is

(1 5)

Since A has determinant 1, we must have a = —1. Thus by replacing A with
a conjugate, we may assume that

=0
s=( L)

Then B € SLy(q), and ABA™*B™! is equal to
0 -1\ /pu O g1\ (' 0\ w2 0
L )0 pw')J\~1 0)\ 0 pu) \B-Bu? p*)°

Hence ABA™'B~! has characteristic polynomial (¢t — p?)(t — u=2), so by
Lemma 3.30 it is conjugate to

@0

0 p?

in SLy(g). Since we are assuming ¢ = 4 or ¢ > 5, there exists u € F* such
that u? # +1, so the lemma follows. O

Define

Theorem 3.32. Suppose that q =4 orq > 5, and let N be a normal subgroup
of SLa(q). Then N ={1}, N = Z(SLs(q)) = {£1L2}, or N = SLy(q).

Proof. Let N < SLy(q) be such that N # {1} and N # Z(SLa(q)). We will
show that N contains every transvection, which by Lemma 3.27 implies that

Since N is not contained in Z(SLy(q)), there exists a non-scalar matrix
A € N. Then by Lemma 3.31, we can find B € SLy(q) such that ABA™'B~!
is conjugate in SLy(q) to a diagonal matrix

A0
(3 )
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for some A € F with A # +1. Now ABA™'B~! € N since N is a normal
subgroup, so we conclude that D € N. By Lemma 3.30, we find that N
contains every matrix in SLy(q) with characteristic polynomial (t—\)(t—A"1).

Therefore
At (A 0 (1 oz c N
0 X! 0 X/ \0 1

for all x € F,. Similarly by taking transposes

for all x € F,. This completes the proof of the theorem. n
Corollary 3.33. Suppose that ¢ =4 or ¢ > 5. Then PSLy(q) is simple.

Proof. By Theorem 3.32, there only normal subgroups N < SLy(q) with
Z(SLa(q)) < N < SLy(q) are N = Z(SL2(q)) and N = SLa(q). Thus by the
correspondence theorem PSLy(q) = SLa(q)/Z(SLa(q)) is simple. O

Theorem 3.34. PGLy(5) = S;.
Proof. For GLy(5), we have a natural action on a 2-dimensional vector space
V= Fg over F5. Let e; = ((1)> and eg = ((1]) be the standard basis of column

vectors. Since GLy(5) acts on V, it also acts on the set of 1-dimensional

subspaces of V:
Q={(v):veV\{0}}.

(The action is the obvious one: g - (v) = (gv) for all g € GLy(5) and v €
V'\ {0}.) The set Q is known as the projective line P!(IF5) over F5, or the
Grassmannian Gr(1,V).

It is readily seen that there are 6 subspaces in €2; hence there is a homo-
morphism ¢ : GLy(5) — Sg corresponding to this action. By Exercise 3.18
the kernel Ker ¢ consists of the scalar matrices, thus ¢(GLy(5)) = PGLy(5)
by the first isomorphism theorem.

We label the points in 2 by 1,2.3,4,5,6 as follows:

1 2 3 4 5 6
(e1) (ea) (e1des) (2e1+e2) (3er+ey) (der+eg)

Then for example 1) is mapped to (2 3 4 5 6) by ¢. For S5 we will

1
0 1
find a faithful action on 6 points, such that for the corresponding homomor-

phism ¢ : S5 — Sg we have ¥(S5) = ¢(GL2(5)). Then S5 = ¢(G) = PGL2(5)
and the theorem follows.
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To this end, let ' be the set of subgroups of order 5 in S5, and consider
the action of S5 on €2 by conjugation. Each subgroup in €' is generated by
a b-cycle, and there are a total of

5-4-3-2-1
)

=24

5-cycles in S5. In each subgroup of order 5 there are a total of four 5-cycles,
and distinct subgroups of order 5 have no elements of order 5 in common.
Therefore the total number of subgroups of order 5 in Sy is

| = 24/4 = 6.,

Let ¢ : S5 — Sg be the homomorphism corresponding to the action of Sy
on 2. We label the elements of ' has H,, Hy, H3, Hy, H5, Hg as follows:

Hl H2 H3 H4 H5 HG
(12345) ((12354) ((15234)) ((13452) ((13245) ((12435))

We have chosen this labeling so that for o = (1 2 3 4 5) € H; we have

1/1(0):(23456)290((3 i))

Note that this implies that Kert = {(1)} since the only normal subgroups
of S5 are {(1)}, As, and S5 (Exercise 2.12). Thus S5 = ¢(S5).

For 7= (12) and ¢ = (1 2 34 5) we have S5 = (1,0) (Exercise 2.2), s
S5 = (S5) = (¥(1),¥(0)). A calculation shows that ¢( )=(14)(23)5 6)
and we know that ¢)(c) = (2345 6), so

$(S5) = (1 4)(23)(56),(23450)).

Next we will show that ¢(S55) < p(GL2(5)) and thus ¥(S5) = (GLa(5))
since |S5| = 120 and |p(GLy(5))| = |PGLy(5)| = 120. To this end, it will
suffice to prove that ¢(7),9(0) € p(GL2(5)). We already saw that (o) is

the image of 1). For ¢ (7) we would need a matrix A € GLy(5) that

1

01
maps the first basis vector e; to a scalar multiple of 2e; +e5 (and vice versa),
and the second basis vector es to a scalar multiple of e; +e5 (and vice versa).

This determines A up to a scalar, and indeed a straightforward calculation

shows that
((33)-a0eae 0=

This completes the proof of the theorem. n
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Corollary 3.35. PSLy(5) = As. In particular, PSLy(5) is simple.

Proof. We note that PSLy(5) can be embedded as a normal subgroup of
PGL2(5). Indeed, this is true in general: let = : GL,(q) — PGL,(q) be
the natural quotient map, so Kerr is the set of scalar matrices in GL,(q)
by Lemma 3.4. Then 7(SL,(¢)) < PGL,(q) since SL,(q) < GL,(¢q), and
m(SL,(q)) = PSL,(q) by the first isomorphism theorem and Lemma 3.4.
Now | PSLy(5)| = 60 and | PGLy(5)| = 120, so PSLy(5) is a normal sub-
group of index 2 in PGL2(5). Since Aj is the unique subgroup of index 2 in
S5 (Proposition 2.27), by Theorem 3.34 we have PSLy(5) = As. Since Aj is
simple (Theorem 2.32), we conclude that PSLy(5) is simple. O

Here is a list of some exceptional isomorphisms involving PSLy(¢) and
PGL2(q):
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4 Normal series

4.1 Characteristic subgroups

Definition 4.1. Let G be a group. A subgroup H < G is a characteristic
subgroup, if o(H) = H for every automorphism ¢ : G — G. We denote this
by H char G.

Example 4.2. Some basic examples:

(a) In any group G, the trivial subgroup {1} and the group G itself are
characteristic subgroups.

(b) For any group G, we have Z(G) char G.

(c) If G is a finite group such that G has exactly one subgroup N with |N| =
d, then N char G. This is because for any automorphism ¢ : G — G, the
image p(N) is also a subgroup of order d. Thus if G is finite cyclic, then
every subgroup of GG is characteristic.

Lemma 4.3. Let G be a group. Then the following statements hold:
(i) Suppose that H char G. Then H 4 G.

(ii) Suppose that H char K char G. Then H charG.

(i) Suppose that H char K < G. Then H < G.

Proof. (i) Let g € G and consider the inner automorphism v, : G = G
defined by 7,(z) = gxg~'. Since H is characteristic in G, we have

H =~,(H)=gHg "' Therefore H <G.

(ii) Let ¢ : G — G be an automorphism of G. Since K is characteristic in G,
we have p(K) = K and so the restriction of ¢ to K is an automorphism
¢+ K — K of K. Since H is characteristic in K, we have ¢/'(H) = H,
and thus ¢(H) = H.

(iii) Let g € G. Since K is a normal subgroup, the inner automorphism

Yy : G — G restricts to an automorphism ~; : K — K of K. Because H

is characteristic in K, we have v/ (H) = H, in other words gHg ' = H.
Thus H < G.

O

Example 4.4. Not all normal subgroups are characteristic. For example,
consider the subgroup G' = ((1 2), (3 4)) of S;. One checks that conjugation
by ¢ = (1 3 2 4) gives an automorphism ¢ : G — G, where p(z) = grg™*
for all z € G. Then ¢((1 2)) = (3 4) and ¢((3 4)) = (1 2), so the normal
subgroups ((1 2)) and ((3 4)) are not characteristic in G.
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4.2 Commutator subgroups and solvability

Let G be a group. For z,y € G we have xy = yz if and only if x 71y~ tay = 1.
We call x~'y~tzy the commutator of x and y, and denote it by

[z, 9] = a7y oy,
Definition 4.5. Let G be a group. The commutator subgroup of G is the
subgroup [G, G| := ([z,y] : x,y € G); in other words, the subgroup generated
by the commutators in G. More generally, for subgroups H, K < G, we define
the commutator subgroup of H and K as

[H,K] :=([z,y] :x € H,y € K).

Remark 4.6. In general it is not true that the set of commutators is a sub-
group. In other words, it may happen that [G, G] is not the set of commuta-
tors in G. Later in this section we will provide an example for G = SLy(R).
(For finite groups, the smallest example has order |G| = 96.)

At this point we provide the following example which shows that for
H, K < G the subgroup [H, K] is not necessarily equal to the set of commuta-
tors [h, k] with h € H and k € K. Let G = A4 and consider H = ((1 2)(3 4))
and K = ((1 2 3)). Then

(hk]:heHkeKY={(1),(13)(24),(14)(23)}
[H, K]={(1),(12)(34),(13)(24),(14)(23)}

There are also many examples where [G,G] is equal to the set of all
commutators, this holds for example for G = S, or G = A,. The Ore
conjecture states that every element of a finite non-abelian simple group is
a commutator. The Ore conjecture is now a theorem, and its proof was
completed by Liebeck, O’Brien, Shalev, and Tiep (J. Eur. Math. Soc., 2010)
using the classification of finite simple groups.

Recall that for elements g and z in a group G, we denote ¢* = z~'gx.
Thus [g,2] = g~ '¢® for all g,z € G.

Lemma 4.7. Let G be a group and z,y, z € G. Then the following identities
hold:

(i) [z, 9] = [y, .
(i) zy = yxlz,y].
(iil) [zy, 2] = [z, 2]"[y, 2].
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(iv) [z, 2] = [z, 2][z, y]*.
(V) [z, 9" = [2%, 7.
Proof. Exercise. O

Note that by Lemma 4.7, we have [H, K| = [K, H] for any subgroups H
and K of a group G.

Lemma 4.8. Let G be a group and x,y € G. Suppose that x and y commute
with [x,y]. Then

n(n—1)

(zy)" = 2"y [y, x] =

for alln € Z>.
Proof. Exercise. O]

Lemma 4.9. Let G be a group and H < G. Then H < G if and only if
[H,G] < H.

Proof. Suppose that H < G. Then [h,g] = h™'g thg € H for all h € H
and g € G, since g"'hg € H by normality. Thus [H,G] < H. Conversely,
suppose that [H,G] < G. Then in particular [h,g] = h™'g~'hg € H for all
h € Hand g € G, so hlh,g] = g'hg € H for all g € G and h € H. Thus
H <G, ]

Lemma 4.10. Let G be group. Then the following statements hold:
(i) G is abelian if and only if |G,G] = {1}.
(ii) If [G,G] < N <G, then N < G. In particular [G,G] < G.

(i) G/|G,G] is abelian. For N <4 G, the quotient G/N is abelian if and
only if [G,G] < N.

Proof. (i) Clear.

(i) Suppose that [G,G] < N < G. Let g € G and n € N. Then g 'ng =
n(n~'g~'ng) = n[n, g| € N because [n,g] € G. Therefore N < G.

(iii) We have [z]G, G],y|G,G]| = [z,9]|G,G] = |G,G]in G/|G, G], s0 G/|G, G|
is abelian. If N < G, then by (i) the quotient G/N is abelian if and
only if [xN,yN] = N for all z,y € G, which is equivalent to [z,y] € N
for all z,y € G.

[
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Example 4.11. (i) For any abelian group G, we have [G,G] = {1}.

(ii) For G = S5, we have [G, G| = ((1 2 3)). More generally [S,, S,] = 4,
for n > 3.

(iii) Exercise: Let p be a prime and let G' be a non-abelian p-group of order
p3. Show that [G, G| has order p and [G, G| = Z(G).

(iv) Let ¢ be a power of a prime and n > 2. For G = GL,(q), the deter-
minant provides a homomorphism det : G — Fy. Since F is abelian,
so is G/ Ker(det) = G/ SLy(q), so it follows from Lemma 4.10 (ii) that
|G, G] < SL,(q). (It is also easy to check directly that det([x,y]) = 1
for all z,y € GL,(q).)

Lemma 4.12. Let F be a field and |F| > 3. Then SLy(F) = [SLo(IF), SLo(FF)).

Proof. (This lemma would follow from the fact that PSLy(IF) is simple when
IF| > 3, but we will give the following computational proof.) We know that
SLy(F) is generated by transvections (Lemma 3.27), i.e., matrices of the form

<(1) 916) and (; (1)) for x,y € F. Thus it will suffice to prove that every

transvection is contained in the commutator subgroup. To this end, we have
1 x at 0\] (1 —z\[a O 1 z\[(a?t 0
0 1/)’\V0 a)| \O 1 0 at)\0 1 0 a
(1 (a*— 1)z
~\0 1

for all @ € F* and = € F. Since |F| > 3, we can choose a € F* such that
a# %1, 50 (a? — 1) # 0. Then choosing z = -~ gives

[(2).(5 )] = (5 %) e s s

for any o’ € F. Taking transposes shows that (Il, (1)) € [SLy(F), SLy(F)],

which completes the proof of the lemma.

Lemma 4.13. Let F be a field and |F| > 3. Then [GLy(F), GLy(F)] =
SLy(F).

Proof. Exercise. (Argue as in Lemma 4.12.) O
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We now give an example of an element in the commutator subgroup
which is not equal to a commutator. By Lemma 4.12 we have SLy(R) =
[SLy(R), SLo(R)], and we will show that —I, € SLy(R) is not a commutator
in SL2 (R)

Lemma 4.14. The matriz —Iy € SLy(R) is not a commutator in SLy(R).

Proof. Suppose that [A, B] = A7'B7'AB = —1, for some A, B € SLy(R).
Then B'AB = —A, so tr(A) = tr(—A) and thus tr(A) = 0. Thus the
characteristic polynomial of A is

pa(t) =% — tr(A)t + det(A) = * + 1,

which is an irreducible polynomial in R[¢]. As in the proof of Lemma 3.9, it
follows that A is conjugate to the matrix

0 —1

1 0
in GLy(R). For every g € GLy(R) we have [A9, BY] = [A,B]Y = —I, and
A9 B9 € SLy(R), so without loss of generality we may assume that A =

()

It follows from A~'B~'AB = —I, that

A'BA=—-B.
. 0 —1 .. . . r vy
With A = 1 0 ) this implies that B is of the form B = y - for
some 7,y € R. But then det(B) = — (2% + y?), which cannot be equal to 1
for z,y € R, a contradiction. O

Remark 4.15. However, note that —I5 is a commutator in SLy(C): for

example for
0 —1 i 0
=1 ) oo )

we have [A, B] = —I,. (We have seen these matrices before in Section 1.8,
where they appeared in the definition of the quaternion group Qs.)

Suppose that G is a group generated by a subset S, say G = (S). In
general it is not true that [G, G] is generated by the commutators [z, y] with
x,y € S. For example, let n > 4 and consider the symmetric group G = S,,.
Then G is generated by S = {(1 2),(1 2 --- n)}, and it is an exercise to
check that {[z,y] : z,y € S} does not generate [G,G|. The correct result in
this direction is given by the following lemma.
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Lemma 4.16. Let G be a group and suppose that G = (S) for some S C G.
Then
G, G| = {[z,y)? 2,y € S and g € G).

Proof. Exercise. m

Definition 4.17. Let GG be a group. We define the derived series of G as the
following series of subgroups: G = G, GV = [G,G], G® =[GV, W), ...
and in general G*) = [G*+~D GF=D] for k > 1.

For any group G, we have
G=GO>aVp>a0>ad>...

and G® /G is an abelian group for all 4 > 0. If there exists an integer
k > 0 such that G® = {1}, then we say that G is solvable.

Example 4.18. The following groups are solvable: any abelian group, fi-
nite dihedral groups D,,, infinite dihedral group D, quaternion group Qs,
symmetric groups S3 and Sy, any finite p-group.

Example 4.19. A group G is said to be perfect if G = [G,G]. It is clear
that a non-trivial perfect group cannot be solvable, since the G*) = @ for all

k > 0. By Lemma 4.12, the special linear groups SLy(F) are perfect whenever
F is a field with |F| > 3.

Lemma 4.20. Let ¢ : G — H be a homomorphism between two groups G
and H. Then (o(S)) = ¢((S)) for any S C G.

Proof. Exercise. m

Lemma 4.21. Let ¢ : G — H be a homomorphism between two groups G
and H. Then the following statements hold:

(1) @[z, 4]) = lp(@), ¢(y)] for all z,y € G.
(i) ([, B)) = [p(A), o(B)] for all A, B < G.
(iil) p(G®) = p(G)®) for all k > 0.

Proof. Claim (i) is an exercise, while (ii) follows from Lemma 4.20 and (i).
Claim (iii) follows from (ii), by induction on k. O

Lemma 4.22. Let G be a group. Then G® char G for all k > 0, and in
particular G® <4 G.
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Proof. Follows from Lemma 4.21 (iii) and Lemma 4.3 (i). O
Lemma 4.23. Let G be a group. Then the following hold:

(i) If G is solvable, then every subgroup of G is solvable.
(ii) Let N < G. Then G is solvable if and only if both N and G/N are

solvable.

Proof. (i) For any H < G we have H*) < G® for all k > 0. Thus if G is
solvable and G*) = {1}, then H® = {1} and so H is solvable as well.

(ii) Let 7 : G — G/N be the canonical homomorphism. Suppose first
that G is solvable, say G® = {1}. Then N is solvable by (i). We
have 7(G)*® = 7(G®) = {1} by Lemma 4.21, so 7(G) = G/N is also
solvable.

Conversely, suppose that both N and G/N are solvable. Let k > 0 be
such that (G/N)® is trivial. Since 7(G)*) = 7(G®), it follows that
G® < Kerm = N. Now let £ > 0 be such that N® = {1}. Then
GHEHO) < NO = {1}, so G**Y = {1} and G is solvable.

[

Lemma 4.24. Let G be a group and let H, K < G be solvable subgroups such
that H < G. Then HK is solvable.

Proof. Exercise. []

Remark 4.25. Suppose that H, K < G are solvable subgroups such that
HK is a subgroup. Then it is not in general true that H K is solvable, an
example is provided by G = As which is not solvable, but G = HK for

H = A, and K cyclic of order 5.

4.3 Jordan—Holder theorem

Definition 4.26. Let G be a group. A series is a sequence
G=GI >G> >G> G = {1}

of subgroups such that G;;1 < G; for all 1 < i < s. We call s the length
of the series. The subgroups G; are called the terms of the series, and the
groups G;/G,yq are called quotients or factors of the series.
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For example, if G is a solvable group with G*) = {1}, then the derived
series is a series

G=GOp>gWp...gFb>agh =11}

where the quotients G /G*+Y are abelian groups. In fact, the existence of
a series with abelian quotients is equivalent to solvability, as we will prove
next.

Lemma 4.27. Let G be a group. Then G 1is solvable if and only if there
exists a series

G:G12G2EEGSEG8+1:{1}
such that G;/Gyq is abelian for all 1 < i < s.

Proof. If G is solvable, then as noted before the lemma, the derived series
provides a series of subgroups in G with abelian quotients. Conversely, sup-
pose that

G=G >G> >G> G, ={1}

is a series of subgroups such that G;/G;;; is abelian for all 1 < i < s. It
follows from Lemma 4.10 (iii) that [G,G] = GV < G,
In general, we claim that

G® < Gri1

for all 1 < k£ < s. We prove this by induction on k, the case k¥ = 1 having
been proven already. Suppose that 1 < k < s. By induction G*~Y < G,
Now Gy /Gg1 is abelian, so by Lemma 4.10 (iii) we have

Gr1 > [Gr, Gi] > [G*D, 6] = G®),

This completes the proof of the claim. With k& = s we get G*®) < G, = {1},
so G = {1} and G is solvable. O

Definition 4.28. Let GG be a nontrivial group. A series

G=GiB Gyl G Gy = {1}
is called a composition series, if G;/G;,1 is simple for all 1 < <'s.
Example 4.29. Examples of composition series:

(a) Exercise: Let G = Cpi, where p is a prime. Show that G has only one
composition series.
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(b) Exercise: Let G = C,, where p and ¢ are distinct primes. How many
composition series does G have?

(c) Let G = Dg = (z,y) with |z| = 2, |y| = 4 and xyz~' = y~'. Then G has
several composition series:

> (y) > (y*) > {1}

<x,y2> > () > {1}

G (z,y?) > (zy®) > {1}

> (z,y%) > (y°) > {1}
G> (ry,y”) > (zy) > {1}
G (zy, y?) > (zy®) > {1}
Gv (zy,y") o () > {1}

(d) If G # {1} is simple, then G has a unique composition series G > {1}.

(e) Exercise: Show that Z does not admit a composition series.

Definition 4.30. Let G be a group. Two series
GZGlEGQ‘ZEGSEGs—H:{l}

and
G=H>H>--->H >Hyy = {1}

are said to be equivalent, if s = t and there exists a permutation (7(1), ..., 7(s))
of (1, c. ,S) such that Gi/Gi—i-l = Hﬂ'(i)/Hﬂ(i)+1 for all 1 S 1 S S.

Lemma 4.31. Let G be a group. Suppose that B < A < G and C' < @G.
Then:

(i) BNC < ANC and 40 ~ BURC) 4 4.

(i) BC 9 AC and 5& = prire-

Proof. (i) Let g € ANC. Then (BNC)¥ = BINCY = BN C, because
B9 = Bby B<Aand (Y% =CC by C dG. Moreover, we have
B 4 B(ANC) since B < A. Thus

B(AnC) ., AnC  AnC
B (AnC)nB BNC
by Theorem 1.100. Since B and AN C' are normal subgroups of A, the

product B(ANC') is a normal subgroup of A, and so by the correspon-
dence theorem

B(ANC) | A
B~ B
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(ii) For all @ € A, we have (BC)* = B*C* = BC since B < A and
C <4 G. We also have (BC)¢ = BC for all ¢ € C, since C < BC.
Thus BCY = BC for all ¢ € AC, in other words BC' < AC. For the
isomorphism, we have

AC  A(BC) A

Y

BC  BC — AnBC

by Theorem 1.100. Now the claim follows from Exercise 4.18, where it
is shown that AN BC = B(ANC(C).
O

Lemma 4.32. Let G be a group that has a composition series. If N is
a nontrivial proper normal subgroup of G, then both N and G/N have a
composition series.

Proof. Let
G:G11>G21>"'DGSI>GS+1 :{1}

be a composition series for G, so G;/G,41 is simple for all 1 <i <s.
For N, taking intersections gives the following series:

N=GNN>GMONNP>--->GNND>G NN ={1}.
Now
GipiNN Gt ~ Gin
by Lemma 4.31 (i), so for all 1 <i < s, the quotient (G; N N)/(G;11 N N) is
isomorphic to a normal subgroup of G;/G;,1. Since each G;/G;y; is simple,
we conclude that each quotient (G;NN)/(G;11NN) is either trivial or simple,

and thus N admits a composition series.
For G/N, taking the images of G; in G/N we get the following series:

G/N =G N/N > GosN/N> ... > G,N/N > Gs 1 N/N = {1}.
For the quotients, for all 1 <i < s we have

GiN/N ~ GiuN ~ Gii(NNG;)  Gin(NNGy)/Gia

by Lemma 4.31 (ii) and Theorem 1.101. Thus each quotient %
isomorphic to a quotient of G;/G;41. Since G;/G ;1 is simple, each quotient

G?ijl\f](/]/VN must be trivial or simple. Therefore G/N admits a composition

series. ]

18
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Theorem 4.33 (Jordan-Holder theorem). Let G' be a nontrivial group. Sup-
pose that G has a composition series. Then any two composition series of G
are equivalent.

Proof. Denote by ¢(G) the minimal length of a composition series of G. We
will prove the theorem by induction on ¢(G). If /(G) = 1, then G is simple
and the result is obvious. Suppose then that ¢(G) > 1, and let

G:G11>G2[>"'DGSI>GS+1:{1}

and

G=H>Hyr--->H>Hp g ={1}
be two composition series of G. It suffices to prove the claim in the case
where s = ((G).

If G5 = H,, then the result follows by applying induction on G, since
0(G9) < 4(Gy) — 1. Thus we can assume that Gy # Hs. Then

G E GQHQ > Gg,

so it follows from simplicity of G/G5 that G = GoH,. Moreover, the inter-
section Ky = Go N H, is a normal subgroup of G. By isomorphism theorems,
we have

G /Gy = GoHy /Gy = Hy | K,
and s1m11arly G/H2 GQHQ/HQ GQ/KQ

By Lemma 4.32 we can find some composition series of K5, say
Kyv K-> K, > Ky = {1}.
Now we have several composition series of G = G7:

Gio Gy G- >G> Gepp = {1} (4
GGy Koo Ky > Ky = {1} (4.
Gi> Hop Ko > K> Ky = {1} (4
Gi> Hy> Hyp---> Hy> Ky = {1} (4

Applying induction on Gs, it follows that the series (4.1) and (4.2) are equiva-
lent. Since G1/Ge = Hy/ Ky and G1/Hy = G5/ K, the series (4.2) and (4.3)
are equivalent. Applying induction on H,, it follows that the series (4.3)
and (4.4) are equivalent. We conclude then that series (4.1) and (4.4) are
equivalent, as claimed. O
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4.4 Nilpotent groups

An important class of solvable groups is that of nilpotent groups. (Among
finite groups, the typical example is a finite p-group.) There are multiple
ways to define nilpotent groups, we will use the following definition.

Definition 4.34. Let G be a group. We define the lower central series of G
as the following series of subgroups: v,(G) = G, and v (G) = [yx-1(G), G| for
all k> 1. (So for example 1,(G) = GV =[G, G], and 73(G) = [[G, G], G].)
If there exists an integer £ > 1 such that v,(G) = {1}, then we say that G
is nilpotent.

Lemma 4.35. Let G be a group. Then:

(i) For any homomorphism ¢ : G — H, we have ¢(v:(G)) = v(¢(Q)) for
all k> 1.

(ii) v (G)char G for all k > 1, so in particular v(G) < G.

Proof. (i) By induction on k. For k = 1 the claim is clear, and for k > 1
the claim follows by applying Lemma 4.21 (ii) and induction.

(ii) Follows from (i).
[

Lemma 4.36. Let G be a nilpotent group. Then every subgroup and quotient
group of G is nilpotent.

Proof. Suppose that G is nilpotent and let £ > 1 be such that v,(G) = {1}.
For any subgroup H < G we have v(H) < 1%(G), so w(H) = {1} and H
is nilpotent. For quotients, let N < G be a normal subgroup. Applying
Lemma 4.35 (i) to the canonical homomorphism 7 : G — G/N, we see that

Y6(G/N) =% (G)N/N = {1}. Thus G/N is also nilpotent. O

Lemma 4.37. Let G be a group. Then G*) < ~.11(G) for all k > 0. In
particular if G is nilpotent, then G is solvable.

Proof. By induction on k. For k = 0 we have G(® = G = ~,(G). Suppose
then that £ > 0. Then

GW = [G*Y, GRI] < (@), (G)] < (@), Gl = 14 (G),

since G*~1 < ~,(G) by induction. O
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By Lemma 4.37, we know that nilpotent groups are solvable. The converse
is not true: for example G' = Ss is solvable since G® = {(1)}, but v4(G) =
[G,G] for all k > 2, so G is not nilpotent. Another example is provided by
the following subgroup of GLy(F), where F is a field:

B:{(g‘ i) :A,ueFX,ce]F}.

Assuming that |F| > 2, a calculation shows that B is solvable but not nilpo-
tent.

Another characterization of nilpotent groups can be given in terms of
series. We know by Lemma 4.35 that for any group, in the lower central
series

G =1(G) B 1(G) B %(@) B -

the terms ~;(G) are characteristic subgroups in G. Thus each quotient
Yi(G)/7i4+1(G) is a normal subgroup of G/v;11(G) by the correspondence
theorem. Moreover, we have [v;(G), G] = 7i4+1(G), so in fact v;,(G)/7i+1(G)
is contained in the center Z(G/7i+1(G)) of G/vi41(G). The existence of a
series with this property characterizes nilpotent groups.

Lemma 4.38. Let G be a group. Then G is nilpotent if and only if there
exists a series

GZGlEGQ‘ZEGsEGs—Q—l:{l}
such that G; < G for all1 <i < s+ 1, and G;/Gix1 < Z(G/Giy1) for all

1 <i<s. (Such a series is called a central series.)

Proof. If G is nilpotent, then as noted before the lemma, the lower central
series is such a series. Conversely, suppose that there exists a series

G:GlEGQEEGSEG8+1:{1}

such that G; < G for all 1 < i < s+ 1, and G;/Giy1 < Z(G/G,yq) for all
1< <s.

We claim that for all 2 < k < s+ 1, we have v, (G) < Gj. First note that
G/Gy = G1/Gy < Z(G/Gy), so G/Gy is abelian, and thus 1, (G) = [G, G| <
Gs. For k > 2 we proceed by induction on k. We have Gy_1/Gy < Z(G/Gy),
or equivalently [Gy_1, G| < Gy. By induction ~;_1(G) < Gj_1, so then

(G) = [-1(G), G] < [Gr-1,G] < Gy,

as claimed. Applying this with £ = s + 1, we get v5.1(G) < G411 = {1}, so
Ys+1(G) = {1} and G is nilpotent. O
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Lemma 4.39. Let G be a nilpotent group and N < G such that N # {1}.
Then N NZ(G) # {1}.

Proof. Let k > 1 be the largest integer such that N N~ (G) # {1}, so then
N N +1(G) = {1}. (Such an integer exists since N is nontrivial, and since
G is nilpotent.)

Then [N Nv(G),G] < [N,G] < N since N is a normal subgroup, and
INA(G), G] < Pi(G), G = 1 (G). Thus [NOm(G), G] < N1 (G) =

{1}, and so [G, N N (G)] = {1}. Therefore N N~,(G) is in the center of G,
and in particular N N Z(G) # {1}. O

Applying Lemma 4.39 with G = N, we get the following corollary.
Corollary 4.40. Let G be a nontrivial nilpotent group. Then Z(G) # {1}.

For solvable groups, we have seen that they are closed under extensions:
in other words if N < G is such that N and G/N are both solvable, then G
is solvable. This fails for nilpotent groups: for example G = S5 has a normal
subgroup N with N = C5 and G/N = Cy, but G is not nilpotent. However,
we can now prove the following result.

Lemma 4.41. Let G be a nilpotent group and N < Z(G). Then G is nilpo-
tent if and only if G/N is nilpotent. In particular, G is nilpotent if and only
if G/Z(Q) is nilpotent.

Proof. 1f G is nilpotent, then G//N is nilpotent by Lemma 4.36. Conversely,
suppose that G/N is nilpotent, say v,(G/N) = {1}. By Lemma 4.21 applied
to the canonical homomorphism G — G/N, we have v,(G/N) = v (G)N/N.
Therefore v,(G) < N, and then v,41(G) = [ (G),G] = {1} since N is
central. O

As a corollary, we prove that finite p-groups are nilpotent.
Lemma 4.42. Let G be a finite p-group. Then G is nilpotent.

Proof. By induction on |G|. The case |G| = 1 is trivial, so suppose that
|G| > 1. By Corollary 1.143 we have Z(G) # {1}. Thus by induction
G/Z(@) is nilpotent, and then G is nilpotent by Lemma 4.41. O

As we have seen already, several of the results we have proven before
for finite p-groups hold more generally for nilpotent groups. The following
proposition is a generalization of Proposition 1.147.

Proposition 4.43. [“Normalizers grow”] Let G be a nilpotent group and H
be a proper subgroup of G. Then H S Ng(H).

Proof. Exercise. (Hint: Show that there exists & > 1 such that v (G) £ H
and vx11(G) < H.) O
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4.5 Upper central series

Let G be a group. By the correspondence theorem, there exists a normal
subgroup Z(G) < Z*(G) < G such that Z%(G)/Z(G) = Z(G/Z(G)). By
definition, we have

g € Z*(G) if and only if [g,2] € Z(G) for all x € G.

Similarly, we define Z3(G) to be unique subgroup Z*(G) < Z3(G) < G such
that Z3(G)/Z*(G) = Z(G/Z*(@)). Then

g € Z3(Q) if and only if [g,7] € Z*(G) for all x € G.

Continuing in this manner, we can define the upper central series, which
gives another way of defining nilpotent groups. The upper central series is
the series

1= 2°(G) < 2(G) < 2(@) < 2°(@) < ---

of normal subgroups of G, such that Z°(G) = {1}, ZY(G) = Z(G), and for
k > 1wehave Z8(G) < Z¥1(G) < G and Z¥(GQ)/ZF1(G) = Z(G/ZF1(Q)).
Then for all kK > 1, we have

g € Z*(@) if and only if [g,z] € Z*7H(G) for all x € G.
Lemma 4.44. Let G be a group. Then Z*(G)char G for all k > 0.
Proof. Exercise. O

Lemma 4.45. Let G be a nilpotent group, and let ¢ > 1 be such that
Yer1(G) = {1}. Then v.i1(G) < ZHG) for all 1 < i < c. In particu-
lar Z¢(G) = G.

Proof. Exercise. O]

Lemma 4.46. Let G be a group and suppose that Z¢(G) = G for some ¢ > 1.
Then ve—i11(G) < ZYQG) for all 1 < i < c. In particular v.11(G) = {1}.

Proof. Exercise. O]

By Lemma 4.45 and Lemma 4.46, a group G is nilpotent if and only if
Z¢(G) = G for some ¢ > 1. Moreover, we have Z¢(G) = G if and only if
Yetr1(G) = {1}. We will call the smallest integer ¢ > 1 such that v.11(G) =
{1} the class of a nilpotent group G.
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4.6 Higher commutators

Let G be a group. For n > 3, we define the higher commutator of elements
x1, To, ..., T, € G recursively as

[T1, o, ..o, @) = [[21, ..., Tpa], T

Therefore for example
[33, Y, Z] = Hx’ y], Z]
and
[Qj’ Y, %, ’LU} = [HIL’, y]> Z]’ w]

for all z,y, z,w € G. Similarly for subgroups Hi, ..., H, < G we define the
higher commutator subgroup of Hy, ..., H, as

(Hy, ..., H)] = [H.,..., Hy1],H).

Thus for example
[H,K,L|=[[H, K], L]

and for k > 2 we have

w(G) = [G,G,....G].

k times

In our definition we have used “left-normed” commutators. Taking com-
mutators is not associative, in the sense that for x,y,z € G it is possible
that

[z, 9], 2] # [z, ]y, 2]]
and for H, K, L < (G it is possible that

([H, K], L] # [H,[K, L]].
(Examples can be found already in the smallest non-abelian group, G = Ss.)
Lemma 4.47. Let G be a group and k > 2. Then
Y(G) = ([x1, 2, ..., xp) - X1, Xa, ..., 2 € G)
Proof. Exercise. O

By Lemma 4.47, we have yet another definition of nilpotence: a group G
is nilpotent if and only if there exists k > 1 such that

[$1,l’2,...,$k] =1
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for all x4, ..., xx € G. For example:

G is nilpotent of class 1 < [z,y] =1 for all z,y € G.
G is nilpotent of class <2 < [z,y,z] =1 for all z,y, 2z € G.
G is nilpotent of class <3 & [x,y,z,w] =1 for all z,y,z,w € G.

G is nilpotent of class < ¢ & [x1,29,...,2c01] =1 for all xy,29,..., 2,41 € G.

Lemma 4.48. Let H, K, L < G. Then [HK, L] = [H, L|[K, L] and [H, KL] =
[H, K][H, L].

Proof. Exercise. O

Lemma 4.49. Let Hy, ..., H,, A, B < G, where k > 1. Then

[Hh e '7H7’—17AB7HT—|—17 c 7Hk]
= [Hla' . '7Hr717A7HT‘+17 ce 7Hk”H17 s 7Hr717B7H7"+17' . 7Hk]

foralll1 <r <k.

Proof. Case 1: r = 1. Applying Lemma 4.48 repeatedly, we get

[AB, H, ..., Hy] = [[AB, Hy|, Hs, . .., H] (definition)
= [[A, Ho]|B, Hy|, Hs, . . ., H] (by Lemma 4.48)
= [[[A, H3|[B, Hs|, Hs], Hy, . .., Hy] (definition)
= [[[A, HQ, Hg] [B, Hg, Hg], H4, ce ,Hk] (by Lemma 448)
- [A,HQ,...,Hk][B,HQ,...,Hk]

as claimed.

Case 2: r = k. In this case
[Hy,...,Hy_1,AB| = [Hy,..., Hy_1,A][H1,..., Hx_ 1, B|
by Lemma 4.48.
Case 3: 1 < r < k. In this case
[Hy,...,H,_1,AB,H, .1, ..., Hy]

= [[Hl,...,HT_17AB],HT+1,...,Hk] (deﬁnition)
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= [[Hl, e ,Hrfl,AHHl, .. .,HTfl,B],HH,l, .o ,Hk] (by Case 2)
= [[Hl, Ce 7Hr—17A]7Hr+1a ce ,Hk”[Hl, - .,Hr_l,B],H7-+1, ce 7Hk’] (by Case 1)
= [Hl, .. '7H7"—1;A7 HT+1, ce ,Hk][Hl, SN 7HT_1,B,HT+17 .. .,H}C] (deﬁnition)

This completes the proof of the lemma in all cases. O

Lemma 4.50. Let H, Hy, ..., H, A be normal subgroups of G. Suppose
that among the H;’s there are at least d which are equal to A. Then

[Hla H27 s 7Hk} S ’Yd(A)

Proof. By induction on k. If k = 1 the claim is clear, and for £ = 2 we
have [Hy, A] < A and [A, Hy] < A since A is a normal subgroup. Suppose
then that & > 2. Note that 7;(A) char A (Lemma 4.35), so v;(A) is a normal
subgroup of G for all ¢ > 1 by Lemma 4.3 (iii). Thus if Hy # A, then by
induction

[Hy, ..., Hy| = [[Hy,. .., Hy 1], Hg]
< [a(A), H]
<7a(A).

Similarly if H; = A, then by induction

(Hy,...,Hy] = [[Hy,..., He1], A
[va-1(A), A]
= 7a(4).

This completes the proof of the lemma. O

IN

Proposition 4.51 (Fitting’s theorem). Let G be a group and let A, B 1 G
be nilpotent. Then AB is nilpotent normal subgroup of G.

Proof. Since A and B are normal subgroups, it follows that AB is a normal
subgroup. For nilpotence, let a and b be such that v,,1(A) = {1} and
Ye1(B) = {1}. Now for any k > 2, applying Lemma 4.49 repeatedly we get

Y (AB)
:lAB,AB, e ,ABl
(k times )
=[A,AB,...,AB][B,AB, ..., AB|
=[A,A AB,... AB|[A,B,AB...,AB]|B,A,AB ..., AB|[B,B,AB, ..., AB]
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- H [XI,XQ,...,Xk]
Xze{AvB}

In other words, vx(AB) is the product of the 2% higher commutator subgroups
(X1, Xo, ..., Xi] with X; equal to A or B for each 1 < i < k.

Consider one such commutator subgroup [Xi,..., X;]. Let k = d + e,
where d is the number of X;’s which are equal to A, and e is the number of
X;’s equal to B. By Lemma 4.50 we have

(X1, X3 < 7a(A) N (B).

Suppose that k > a+b. Then d > a or e > b, so 74(A) = {1} or 7.(B) = {1},
and therefore [ X7, ..., X| = {1}. Thus we conclude that v,p+1(AB) = {1},
in other words, AB is nilpotent. n

As a consequence of Proposition 4.51, a subgroup generated by finitely
many nilpotent normal subgroups is nilpotent. In particular for a finite group
(3, this implies the existence of a unique maximal nilpotent normal subgroup.

Indeed, suppose that G is finite and let M be a nilpotent normal subgroup
of G such that |M| is maximal. Then if N < G is nilpotent, then MN is
nilpotent by Proposition 4.51. Thus M N = M by maximality of M, so in
fact N < M and M contains every nilpotent normal subgroup of G. This
of course implies that M is unique!”. We call M the Fitting subgroup of G
and denote it by F(G). In summary, the Fitting subgroup is characterized
by the following properties:

e ['(G) < G and F(G) is nilpotent;
e For all N < G nilpotent, we have N < F(G).

As a straightforward consequence, the Fitting subgroup is a characteristic
subgroup of G.

Lemma 4.52. Let G be a finite group. Then F(G)char G.

Proof. Exercise. m

TFor if M’ is another nilpotent normal subgroup of maximal order, then M’ < M, and
thus M’ = M by maximality of M.
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5 Constructing groups

In this section, we will consider various ways of constructing new groups from
old ones.

5.1 Direct products

Definition 5.1. Let G4, ..., G, be groups, where n > 2. The direct product
of Gy, ..., G, is the cartesian product G; x --- x G,, equipped with the
following product:

(917 AR 7gn)(gi7 AR 7g7/’7,) = (glgi’ AR 7gng;’[,)
where g¢;,g; € G; for all 1 <i <n. Then Gy x --- x G}, equipped with this

operation is a group. The identity element is (1¢,,..., lg,) and the inverse

of (g1,...,gn) € Gy X --+ X G,, is the element (g;*,...,g-1).

Lemma 5.2. Let Gy, ..., G, be groups.
(i) If |Gi] < o0 for all1 <i<m, then |Gy X -+ X G| = |Gy|- -+ |Gyl
(ii) (Ax B)x C= Ax (B xC) for any groups A, B, and C.
(iii) Let (m(1),...,m(n)) be a permutation of {1,...,n}. Then
Gra)y X =+ X Gry 2 G X - X Gy,
(iv) Let G; = {1} x- - x {1} xG;x {1} x---x{1}. Then G; < Gy x - x G,
and

(GlX"'XGn)/é\i%Glxu'XGi,lXGZ‘+1X"'XGn.

Proof. Exercise. m

Definition 5.3. Let GG be a group and let Hy, ..., H, be subgroups of G.
We say that G is the direct product of Hy, ..., H, if the map

Hy x---x H,— G, (hy,...,hy) > hy---h, for all h; € H;

is an isomorphism.

Lemma 5.4. Let G be a group and let H) K < G. Suppose that HNK = {1}.
Then hk = kh for allh € H and k € K.

Proof. Exercise. []
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Lemma 5.5. Let G be a group and let Hy, ..., H, be subgroups of G. Then
G is the direct product of Hy, ..., H, if and only if all of the following
conditions hold:

(i) G=H,---H,;
(ii) H; is a normal subgroup of G for all 1 <i < n;

Proof. Suppose first that G is the direct product of Hy, ..., H,; in ot-
her words, we assume that the map ¢ : H; x --- x H, — G defined by
o(h1,...,hy) = hy---h, is an isomorphism. Then (i) holds since ¢ is sur-
jective. For (ii), note that we have

({1} x - x {1} x H; x {1} x --- x {1}) = H;.

Since ¢ is a surjective homomorphism and since {1} x - -+ x {1} x H; x {1} x
-+»x {1} is a normal subgroup of Hy x --- x H, (Lemma 5.2 (iv)), it follows
from Lemma 1.93 that H; is a normal subgroup of G. For statement (iii),
let he HiN(Hy---H;i1Hivy--- Hy),say h=h; = hy---hi—1hiy1 - - - hy, with
hj € H; for all 1 < j <n. Then

hzw(l,...,l,hi,l,...,l):gp(hl,...,hifl,l,hlqu,...,hn),

so h; =1 for all 1 < j <mn since ¢ is injective. Thus A = 1, and we conclude
that (iii) holds.

For the other direction, suppose that (i), (ii), and (iii) hold. We will show
that ¢ is an isomorphism. First note that by (iii) we have H, N H; = {1} for
all i # j, so by (ii) and Lemma 5.4 we have h;h; = h;h; for all h; € H; and
h; € H;. It follows then that we have

(hihg -~ hy) (Wi Ry - - - hy) = (hahy) (hehly) - - (hohy,)
for all h;, h; € H;. In other words
o(hy, ... hy)e(hy, ..o h) = p(hihy, ... hyhl)

for all h;,h, € H;, so ¢ is a homomorphism. It follows from (i) that ¢ is
surjective. For injectivity, by Lemma 1.63 (iii) it will suffice to check that
Ker ¢ = {1}. Suppose that ¢(hy,...,h,) = hy---h, = 1. Since h;h; = hjh;
for ¢ # 7, it follows that hi_1 = hy---hi_1hiz1---h, for all 1 <1 < n.
Therefore h; = 1 for all 1 <4 < n by (iii). This proves that Ker p = {1} and
completes the proof of the lemma. n
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The special case of Lemma 5.5 with two factors (n = 2) is the one that
comes up most often, so we state it in the following lemma.

Lemma 5.6. Let G be a group and let HLK < G. Then G is the direct
product of H and K if and only if G = HK and H, K < G, and HNK = {1}.

Example 5.7. (a) Consider the dihedral group G = D, = ((12),(34)).
Then G is the direct product of H = ((12)) and K = ((12)), so G =
02 X CQ.

(b) Let G = (Z/8Z)*. Then G = {1,3,5,7}, and an easy calculation shows
that G is the direct product of H = (3) and K = (5). Thus G = C; x C5.

(¢) Consider G = S3 and the subgroups H = ((12)) and K = ((123)). Then
G =HK, HNK = {1}, and K is a normal subgroup of G. But H is not
a normal subgroup, so G is not the direct product of H and K. (This is
also clear since H x K is abelian, and G is non-abelian.)

Example 5.8. Let n > 3. Then as we have seen in an exercise (Theorem
1.57, Exercise 1.15), the group (Z/2"Z)* is not cyclic. In fact, we can now
prove that

(Z)2"Z)* = Con—2 x Ch.

To this end, Exercise 1.15 (d) shows that H = (5) is a cyclic subgroup of
order 22 in (Z/2"Z)*. We claim then that (Z/2"Z)* is the direct product
of H and K = (—1), from which the isomorphism follows since K is cyclic
of order 2.

Since H and K are normal subgroups, it will suffice to prove that HNK =
1, for then |HK| = |H||K| =2""! = |(Z/2"Z)*| and thus (Z/2"Z)* = HK.
In other words, we should show that —1 ¢ (5). If we had —1 = 5 mod 2",
then in particular —1 = 5* mod 4. But 5* =1 mod 4 for all k, so this is a
contradiction. Thus H N K = 1 and we get the isomorphism

(Z)2"Z)* =2 Cyn-z x Cb.

Previously (Theorem 1.55) we proved that for any odd prime p, the group
(Z/p"Z)* is cyclic for all n > 0. Moreover, it can be shown using the Chinese
remainder theorem that if a,b > 0 are integers with ged(a, b) = 1, then

(Z/abZ)* = (Z)aZ)* x (Z/VL)".

Applying this on an integer & > 0 with prime factorization k = pJ*-- - p",
we can describe the structure of (Z/kZ)*, since the structure of (Z/p}"Z)*
is now known for all 1 <34 <¢.
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Lemma 5.9. Let G = Hx K. Then for any A < H and B < K, the product
A x B is a subgroup of G.

Proof. Exercise. O]

Remark 5.10. The converse of Lemma 5.9 fails; in general it is not true
that every subgroup of H x K is of the form A x B for some A < H and
B < K. Example: Let G be nontrivial and consider the direct product G x G
and the diagonal subgroup A = {(g,9) : g € G}.

Lemma 5.11. Let H and K be finite groups such that ged(|H|, |K|) = 1. If
N < HXxK, then N=A X B for some A< H and B < K.

Proof. Exercise. O
Lemma 5.12. Let G and H be groups. Then the following hold:

(i) (G x H)*) =G® x H® for all k > 0.
(ii

(iii

(G X H) = v%(G) X v (H) for all k > 1.
ZMG x H) = Z¥(G) x Z*(H) for all k > 0.

(iv) The direct product G x H is solvable if and only if G and H are solvable.

)
)
)
(v) The direct product G x H is nilpotent if and only if G and H are nil-
potent.

Proof. Exercise. []

Lemma 5.13. Let G and H be finite groups. Then the Fitting subgroup
F(Gx H)=F(G) x F(H).

Proof. Exercise. O

5.2 Classification of finitely generated abelian groups

In this section, we will provide the classification theorem of finitely generated
abelian groups, thus in particular we classify the finite abelian groups. In
the finite case, the first proof was given in 1870 by Kronecker.

The classification theorem could be proven naturally as part of the theory
involving the Smith normal form and the classification of finitely generated
modules over principal ideal domains. To keep these notes self-contained, we
shall instead follow a short proof due to Rado!®.

18R. Rado, A proof of the basis theorem for finitely generated Abelian groups. J. London
Math. Soc. 26 (1951), 74-75.
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The key result is that any finitely generated abelian groups is a direct pro-
duct of cyclic groups. For this we first need a lemma. (Note that throughout
this section we will use additive notation for abelian groups.)

Lemma 5.14. Let G = (xy,...,xx) be an abelian group. Let ¢y, ..., ¢x >0
be integers such that ged(cy,...,c,) = 1. Then there exists yi,...,yp € G
such that both of the following hold:

(i) G=(y1,---,ux);
(il) y1 = 1y + -+ + g

Proof. Let s=c14+---+¢,.. If s =1, then ¢; = 1 for some 1 < ¢ < k and
¢; = 0 for all j # i; in this case we can choose y; = x; and {y2,...,yx} =
{.%'1, ey i1y L1y e - - ,Ik}.

Suppose then s > 1 and proceed by induction on s. At least two of the
¢; are non-zero, and without loss of generality we can assume ¢; > ¢y > 0.
Clearly G = (x1, 21 + 22, 3, ..., x) and ged(cp — ¢, ¢2,¢3,...,¢,) = 1. Now
by induction there exist y,...,yx € G such that G = (y1,...,yx) and

y1 = (c1 — c2)x1 + co(1 + 22) + 33 + - - - + cpay,

=T+ Coxy+ -+ CrTp,
which proves the lemma. ]

Theorem 5.15. Let G be a finitely generated abelian group, and suppose
that G is generated by k elements. Then G is isomorphic to a direct product
of < k cyclic groups.

Proof. Let k > 1 be the smallest possible size of a generating set for G. If
k =1, then G is cyclic and there is nothing to prove; assume k£ > 1 in what
follows.

Choose generators G = (1,9, ..., xg) such that |x;| is as small as pos-
sible. We will show that G is the direct product of (z1) and (x,...,xx). If
this is not the case, then by Lemma 5.6 their intersection is not trivial; thus
there exist aq, ..., ax € Z such that a;zy # 0 and

a1T1 + 9Ty + - - - + apTr = 0.

We can assume that 0 < a; < |z1]. Moreover, by replacing some of the x;
with —z; if necessary, we can assume as, . . ., a; > 0 without loss of generality.
Let d = ged(ay,as,...,a;). Since ged(ay/d,as/d, ... ax/d) = 1, by
Lemma 5.14 we can find 4, ...,yx € G such that G = (y1,...,yx) and
ay Qg

91=E$1+%$2+"'+E$k-
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But then we have dy; = a1z, + asxy + - - - 4+ apxr = 0, and thus
| < d <ap < x,

which contradicts the minimality of |z4].
Therefore G is the direct product of (z1) and (xs,...,zx). The theorem
follows by applying induction on (s, ..., xy). O

Remark 5.16. The assumption that G is finitely generated is essential in
Theorem 5.15. For example, an exercise shows that G = (Q,+) is not a
direct product of cyclic groups.

Definition 5.17. Let G be a group. We will use the following notation:
G° = {1} (trivial group), G' = G, and for n > 1 we denote G" = G x -+ - x G
(n times). Clearly G" x G™ = G"*™ for all integers n,m > 0.

We have seen that any finitely generated abelian group is isomorphic to
a direct product C,, x --- x C,, x Z" for some integers ny, ..., n; > 1 and
n > 0. This decomposition is not unique, as is seen by the following lemma.

Lemma 5.18. Let m,n > 0 be such that gcd(m,n) = 1. Then Cyy =
Cp X C,.

Proof. Clearly C,, x C,, contains elements x and y with |z| = m and |y| = n.
Since zy = yx, by Lemma 1.29 we have |zy| = mn, so C,, x C,, is generated
by xy. O

For example, we have C5 = (C3x (5 by Lemma 5.18, so the decomposition
of (5 into a direct product of cyclic groups is not unique. However, if we
assume that the integers n; in the decomposition C,, x --- x C,, X Z" are
prime powers, we do get the following uniqueness result.

Theorem 5.19. Let G be a finitely generated abelian group. Then:

(i) G=Cyy x - xCp XZ" for some k > 0, prime powers ny, ..., ng > 1,
and r > 0.

(i) The integers ny, ..., ny, v are unique®®.

9To be more precise, this means that if G = C,,, x -+ x Cp,, x Z* for some prime
powers myq, ..., my > 1 and s > 0; then s =r, k = ¢, and (my, ..., my) is a permutation
of (n1,...,ng).
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Proof. For an integer n > 1 with prime factorization n = p{* - - - pi"*, we have
Cn:Cp;ﬂq Xoee ch:‘t

by Lemma 5.18. This together with Theorem 5.15 proves (i).
Thus we can assume G = (), X -+ X C,, XxZ" where k > 0, nq,...,ng > 1
are prime powers, and r > 0. An exercise shows that the set

tor(G) ={g € G : |g| < oo}
of elements of finite order is a subgroup of G, and moreover

tor(G) = Cpy X -+ X Ch,,
G/ tor(G) = Z".

Therefore if G = C,,, x --- x Cy,, x Z° for some other prime powers
my,...,my > 1 and s > 0, we must have
Cpy X+ X Cpp, 2Cy, X - x Oy,
7° =27,

By an exercise Z" = Z° if and only if » = s, so r is uniquely determined
by G. Next let p be a prime. Consider G(p') := {g € G : g*" =1}, for t > 1.
Then G(p') is a subgroup of G, and for all ¢ > 1 we have

G /G = (Cp)™,

where ¢; is the number of n; such that n; = p® for some a > ¢ (Exercise).
Then for ¢t > 1, we have that ¢; — ¢,y is the number of n; such that n; = p’.
On the other hand, by the same argument ¢; — ¢, is the number of m; such
that m; = p’. We conclude then that k = £ and (my, ..., my) is a permutation

of (ny,...,ng), so the integers ny, ..., ny are uniquely determined by G. [

Example 5.20. By Theorem 5.19, we have a complete classification of all
finite abelian groups. As an illustration, in Table 4 we provide a list of all
finite abelian groups of order at most 12, up to isomorphism.

Example 5.21. In general, what is the number of finite abelian groups of
order n? Write the prime factorization of n as n = p]fl ... pit. Exercise:
Use Theorem 5.19 to show that up to isomorphism, the number of finite
abelian groups of order n is p(ky)---p(k;), where p(k) denotes the number
of partitions of an integer k > 0.

For example p(4) = 5, since the partitions of 4 are 4, 1+3, 242, 1+1+2,
and 1+1+141. And for any prime number p, there are a total of 5 abelian
groups of order p* up to isomorphism:

Cp CpxCp CpxCp C,xC,xCp C,xC,xC,xC,
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Abelian groups of order n
Cy

Cy

Cs

04, CQ X CQ

Cs

Cy x Cs

Cr

087 04 X OQ, CQ X Cg X CQ
Cg, 03 X 03

02 X 05

Cn

Cy x C3, Cy x Cy x (5

— = =
DS 000U WS

Table 4: Abelian groups of order 1 <n < 12.

Lemma 5.22. Let G be a finite abelian group of order n > 0. Let n =
pit - pit be the prime factorization of n. Then the following hold.

(i) G contains a unique subgroup Py of order pi* for all 1 < k <t.
(ii) G 1is the direct product of P, ..., P.
Proof. (i) By Theorem 5.19, we can assume that

G - (C m(1,1) X - X O m(l,r1)> X e X (C m(t,1) X+ X O m(t,T‘t)>
Pq Py Dy Dy

for some integers m(i, j) > 0, where 7| m(k, j) = oy for all 1 <k <
t. Define

Pk - C m(k,1) X oo X C m(k,rg)
P Py

for 1 < k < t. Then Py is a subgroup of order p® in G, and G =
Py x -+ x P,. Since P, for i # k have order coprime to pg, we have

Po={recG:a"" =1}

In other words, P, is the set of elements with order dividing p®*, and
thus it is the only subgroup of order p;* in G.

(ii) Clear from the description of Py in the proof of (i).
0

Example 5.23. Let G be a finite abelian p-group, say G = Cpay X -+ - X Cpay
with oy > -+ > oy > 0.
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(a) Exercise: For H < G, we have H = C s, x - - - x C,, for some 3; > -+ >
By > 0.

(b) Exercise: In (a), we have 3; < «; for all 1 <i <t.

(c) Exercise: Prove that results analogous to (a) and (b) hold for the quotient
G/H.

(d) Exercise: Let H < G. Show that there exists a subgroup of G that is
isomorphic to G/H.

(e) Exercise: Show that Qg does not have a subgroup isomorphic to Qs /Z(Qs).

5.3 Automorphisms

Let G be a group. Recall (Example 1.17) that an automorphism of G is an
isomorphism ¢ : G — G. We will denote the set of all automorphisms of G
by Aut(G). It is easily seen that if o, ©» € Aut(G); then so is gy € Aut(G)
and ¢! € Aut(G). Moreover, the identity map I : G — G defined by
I(g) = g for all g € G is always an automorphism of G.

Thus we conclude that Aut(G) is a subgroup of Sym(G). We call the
group Aut(G) the automorphism group of G.

Remark 5.24. Exercise: Show that if G = H, then Aut(G) = Aut(H).

Recall (Lemma 1.65) also that each element g € G defines an inner
automorphism v, : G — G by v,(x) = gzg™* for all z € G. Note that
7 is the identity map, and moreover v,, = 4,7, and %1—1 = 7,1 for all
g,h € G. Therefore the set of all inner automorphisms forms a subgroup
of Aut(G). We denote Inn(G) = {v, : ¢ € G} and call Inn(G) the inner
automorphism group of G. The quotient Aut(G)/Inn(G) is called the outer
automorphism group of G and denoted by Out(G).

Lemma 5.25. Let G be a group. Then the following hold:
(i) Inn(G) is a normal subgroup of Aut(G);
(ii) Inn(G) = G/Z(G).

Proof. (i) Let ¢ € Aut(G). A calculation shows that py,0™" = v,y for
all g € G, thus Inn(G) < Aut(G).
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(ii) We define a map ¢ : G — Inn(G) by ¢(g) = 7,. Since v4, = Y47 for
all g,h € G, it is clear that v is a surjective homomorphism. We have
¥(g) = 1if and only if grg~! = x for all x € G; equivalently g € Z(G).
Thus Ker ¢ = Z(G), so G/Z(G) = Inn(G).

O

Remark 5.26. The following observation is easy but often useful. Suppose
that G is generated by some set S. Then any automorphism ¢ is determined
by its values on S. That is, if ¢, ¢’ € Aut(G) are such that p(z) = ¢'(x) for
all z € S, then ¢ = /. This is easily seen for example with Lemma 1.39.

We now calculate automorphism groups for some examples of groups.
Lemma 5.27. Let G = (g) be cyclic of order n > 0.

(i) For k € Z, define the map vy, : G — G by x — 2*. Then Aut(G) =

(i) Aut(G) = (Z/nZ)*.

Proof. (i) Itis clear that 1 is a homomorphism for all k € Z. If ged(k, n) =
1, then by Lemma 1.46 (iv) we have (g) = (g*), so v, is surjective and
thus a bijection since G is finite. Therefore ¢, € Aut(G) for all k € Z
with ged(k,n) = 1.
Conversely, let ¢ € Aut(G). Then G = (¢(g)), so by Lemma 1.46 (iv)
we have ¢(g) = g* for some k € Z such that ged(k,n) = 1. Then it
is clear that ¢(z) = z* for all x € G, so ¢ = 4. This completes the
proof of ().

(i) We have vy, = 1y if and only if ¢* = ¢*, which is equivalent to k = k'
mod n. Thus we have an injective map defined by

Y (Z/nZ)* — Aut(Q), (k) = 1y for all k € Z with ged(k,n) = 1.

It is clear v is also surjective, so @ is a bijection. For all k, k" € Z
we have Y = Y, so we conclude that v is an isomorphism and
Aut(G) = (Z/nZ)*.

m

Lemma 5.28. Let G = (g) be infinite cyclic. Then Aut(G) = C.

Proof. Similar to Lemma 5.27. Since the only generators of G are g and ¢!
(Lemma 1.48), it is easy to see that the only nontrivial automorphism of G
is the inverse map = ~— z~ 1. O
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Lemma 5.29. Aut(S;3) = Ss.

Proof. Let G = S3. Consider ¢ € Aut(G). We have S3 = ((12), (123)), so ¢
is determined by the images of (12) and (123). Since an automorphism must
map an element to another element with the same order (Lemma 1.63 (vii)),
we have

p((12)) € {(12), (13), (23)},
p((123)) € {(123), (132)}.

Thus |Aut(G)| < 3-2 = 6. On the other hand, by Lemma 5.25 we have

| Inn(G)| = |G/Z(G)| = 6 since Z(G) = {1}. Therefore Aut(G) = Inn(G) =
G/Z(G) = G. O
Lemma 5.30. Let G and H be finite groups such that ged(|G|, |H|) = 1.
Then Aut(G x H) = Aut(G) x Aut(H).

Proof. Exercise. O

Example 5.31. (a) The automorphism group of a cyclic group is not ne-
cessarily cyclic; for example Aut(Cy) = (Z/8Z)* = Cy x Cs.

(b) The automorphism group of an abelian group is not necessarily abelian.
Exercise: Aut(Cy x Cy) = Ss.

(c) Exercise: Aut(Sy) = S;.

Theorem 5.32. Let G be a group and let H < G. For g € Ng(H), define
fo: H— H by f,(x) =gxg™ foralxe H.

(i) f, is an automorphism of H for all g € Ng(H).

(ii) The map Ng(H) — Aut(H) defined by g — f, is a homomorphism with
kernel Cq(H). In particular Cq(H) < Ng(H), and No(H)/Cq(H) is
isomorphic to a subgroup of Aut(H).

Proof. (i) By Lemma 1.65, each f, is an injective homomorphism. For
g € Ng(H) we have gHg™' = H, so f, is also surjective. Thus f, is an
automorphism of H for all g € Ng(H).

(ii) Similarly to Lemma 5.25 (ii).
[

Theorem 5.32 is sometimes called the “N/C-theorem” (normalizer-centralizer
theorem).
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5.4 Elementary abelian p-groups

Let p be a prime, and G be a finite p-group of order |G| = p". We say that
G is elementary abelian, if G = C, x C, x --- x C}, (n times).

Lemma 5.33. Let G be a finite group. Then G is an elementary abelian
p-group if and only if G is abelian and xP =1 for all x € G.

Proof. Exercise. O]

Suppose now that (G, +) is an elementary abelian p-group, with additive
notation. The (G, +) becomes a vector space over the field F, = Z/pZ as
follows. Let \ € F,, where A € Z. We define scalar multiplication by Aon G
by

Ag=2Xg
for all ¢ € G. Since pg = 0 for all ¢ € G, this operation is well defined.
An exercise shows this makes (G,+) into a vector space over F,. Since G
is finite, we have |G| = p", where n is the dimension of G as an F,-vector
space.

Let g1, ..., gn be a basis for G has an [F,-vector space. Then each g € G
can be expressed uniquely in the form

g=aig1+ -+ angn

with o; € F,. Thus G = (g1, ..., ¢,) and G is the direct product of (¢1), ...,
(Gn)-

If ¢ : G — G is a homomorphism, then p(z +y) = p(z) + ¢(y) for all
x,y € G. Moreover, we have ¢p(kz) = kp(z) for all x € G and k € Z, so
in fact ¢ is also a [F)-linear map. In particular, this shows us that Aut(G)
is precisely the set of F,-linear bijections G — G, in other words Aut(G) =
GL(G). We have proven the following result.

Lemma 5.34. Let G be an elementary abelian p-group of order p™. Then
Aut(G) = GL,(p).

We illustrate the identification of Aut(G) with GL,(p) in the case where
n = 2. Let G be an elementary abelian p-group of order p. Let g1, g» be a
basis of G. Consider ¢ € Aut(G). Then

©(91) = 9195

o(g2) = 9195

119



Topics in Algebra: Group Theory Mikko Korhonen

for some a,b, ¢, d € Z. With the isomorphism Aut(G) — GLz(p) (correspon-
ding to the basis g1, g2), the automorphism ¢ corresponds to the matrix

o)
in GLa(p).

For example, we have Aut(Cyx Cy) = G Lo(2) and Aut(Csx C5) = GLy(3)
by Lemma 5.34.

5.5 Semidirect products

By Lemma 5.6, a group G is the direct product of two subgroups H and K
precisely when the following two conditions hold:

(a) G = HK and H N K = {1}. Equivalently, every g factors as g = hk for
unique h € H and k € K.

(b) Both H and K are normal in G.

If we assume that (a) holds (so G = HK with unique factorization), but
only assume that H is a normal subgroup, we say that G is a semidirect
product of H and K.

Example 5.35. (a) The direct product of any two groups is also a semidi-
rect product.

(b) For G = Ss, consider H = ((1 2 3)) and K = ((1 2)). Then G = HK,
HNK ={(1)}, and H is a normal subgroup. Thus G is the semidirect
product of H and K, and in this case K is not a normal subgroup.

(¢) More generally, G = S, is the semidirect product of H = A, and K =

((12)).
(d) G = S, is the semidirect product of
V={(1),(14)(23),(13)(24),(12)(34)}
and S3.
(e) Any dihedral group G is a semidirect product of cyclic subgroups H = (y)

and K = (z), where |z| = 2, zyz~' =y, and = & (y). (See Lemma
1.68 and Lemma 1.69.)
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(f) The quaternion group G = Qs is not the semidirect product of two
nontrivial subgroups H and K, since H N K contains Z(Qg) = {1, —1}.

Given two groups H and K, up to isomorphism there is only one group
which is the direct product of H and K. But for semidirect products there can
be several possibilities. We know from Example 5.35 (b) that S5 is isomorphic
to a semidirect product of Cy and C5. But the direct product Cy x Cj is also
a semidirect product of Cy and C3, and certainly Cy x C3 2 S;.

So how can we construct all possible semidirect products of two groups?
There is a natural way to do this, which is motivated by looking at the group
operation in a semidirect product more closely.

Consider a group G with subgroups H and K such that the following
hold:

e G=HK,
e HNK ={1},
e HIG.

Given two elements ¢ = hk and ¢’ = W'k’ with h,h' € H and k, K € K,
their product should also be of the form gg’ = hA”k"” for unique A" € H and
k" € K. We can determine h” and k” as follows. We have

99’ = hkW'K = (hkK' k™) kK (5.1)

and here kh'k~! € H since H is a normal subgroup. Therefore h” = hkh'k™!
and k" = kk’. In other words, h” = hfi(h') and k" = kk’ where f; is an
automorphism of H as in Theorem 5.32. Moreover by Theorem 5.32, the
map ¢ : K — Aut(H) defined by ¥ (k) = fi is a homomorphism.

So any semidirect product G = HK with H < G comes with a homo-
morphism ¢ : K — Aut(H) which determines group operation of G: we
have

(hk)(W'E") = (hp (k) (R')) (kK)
for all h,h' € H and k, k' € K. This motivates the definition of an external
semidirect product of H and K, which we define as follows.

Let H and K be groups and let ¢ : K — Aut(H) be a homomorphism.
The external semidirect product H x,, K of H and K (corresponding to the
homomorphism 1)) is the cartesian product

Hxy K:=HxK
equipped with the following group operation:
(h> k) ) (h/’ k,) = (h@D(k’)(h/)» kk,)
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for all h,h' € H and k, k' € K.

We will next verify the the external semidirect product is indeed a group,
and that it is the semidirect product of H and K with the various properties
that we expect from it.

Theorem 5.36. Let H and K be groups, and let ¢ : K — Aut(H) be a
homomorphism. Then Hx, K is a group. Moreover for H = {(h,1) : h € H}
and K = {(1,k) : k € K} the following hold:

(i) H is a normal subgroup of H xy K, and H = H with an 1somorphism
given by h — (h,1).

(ii) K isa subgroup of H x4 K, and K = K with an 1somorphism given by
k— (1,k).

(iii) H xy K = HK and HN K = {1}.

In particular H %, K is the semidirect product of H={(h,1): h € H}
and K = {(1,k) : k € K}.

Proof. We begin by showing that the binary operation on H X, K is associ-
ative. Let h,h',h” € H and k, k', k" € K. Then

(R, k) - (B, k) - (R, k7)) = (h ) - (R - o (K))(B"), K'R")
= (h-p(R)(R"- (k') (")), k(K'E"))
= (h-P(R)(H) - ((k) o ¥ (K)(A"), k(K'K")) (5.2)
= (h- (R (W) - P (KK)(B"), K(K'E")) (5.3)

where (5.2) holds since ¥ (k) is a homomorphism, and (5.3) holds since ) is
a homomorphism. Similarly

((hy k) - (W K)) - (7, ") = (B (k) (R), kE) - (R", )
= (h- (k)W) - D (RK)(B"), KK (K")).

Therefore (h, k)- (W', K")-(h", k")) = ((h, k)- (W', K"))-(R", k") for all h, ', h" €
H and k, k' K" € K.

For all h € H and k € K we have (h,k)-(1,1) = (h-¢(k)(1),k) = (h, k)
and (1,1) - (h, k) = (1 -¥(1)(h), k) = (h,k); therefore (1,1) is the identity
element.

For inverse elements, the correct element is suggested by the formula (5. 1)
Indeed, we have (hk)™* = k=th™! = B'k" with b’ = k=*h~'k and k" = k™!
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This suggests that (¢(k=1)(h™1), k') should be the inverse of (h,k). We
check that this is indeed the case. Now

(hok) - (k) (), k1) = (s

and similarly

Therefore (h, k) is invertible with inverse (¢(k~')(h™'), k™). We conclude
that H x, K is a group.
Since (h, k) — k is a surjective homomorphism H x, K — K with kernel

equal to H , we conclude that Hisa normal subgroup. It is easily seen that
the map h +— (h, 1) is an isomorphism H — H, so H = H and claim (i) holds.
A similar calculation shows that k& — (k, 1) is an injective homomorphism
with image equal to K, so (ii) holds. For (iii), we have H Xy K = HEK
since (h,k) = (h,1) - (1,k) for all h € H and k € K. It is obvious that
HNK = {(1,1)}. This completes the proof of (i) — (iii) and the theorem. [

Remark 5.37. Note that if ¢ : K — Aut(H) is the trivial homomorphism
defined by ¢(k)(h) = h for all k € K and h € H, then H x, K = H x K.

Lemma 5.38. Let G = H 1, K be an external semidirect product, where

v K — Aut(H) is a homomorphism. Let H and K be as in Theorem 5.36.
Then the following statements are equivalent:

(i) G=HxK.
(i) ¥ : K — Aut(H) is trivial.
(iii) K is a normal subgroup of G.
Proof. Exercise. O

Let H x, K be an external semidirect product of H and K. Then it is
clear that
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(h, 1) : (17k) = (h,k),
(Lk) - (h,1) - (1, k)" = (¥(k)(h), 1),

for all h,h' € H and k,k’ € K. Thus in practice when working with an
external semidirect product H x, K, we can denote (h, k) by hk, (h,1) by
h, and (1,k) by k for all h € H and k € K.

Example 5.39. Using Theorem 5.36 we can construct the dihedral groups
as follows. Let H = (y) be cyclic, and let K = (z) be cyclic of order 2. We
have a homomorphism ¢ : K — Aut(H), where ¢(z) : H — H is the inverse
map h — h™' on H. Let G = H x, K. Then in G we have the following
(writing y for (y,1) and z for (1, z)):

2| =2, aya™ =y~ x & ().

Therefore G is dihedral (Lemma 1.68). If H is finite cyclic of order n, then
G = D,,, and if H is infinite cyclic, then G = D.

Theorem 5.40. Suppose that G = HK , where H < G, K < G, and HNK =
{1}. Then the following hold:

(i) G = H xy K, wherey : K — Aut(H) is the homomorphism defined by
Y(k)(h) = khk™! for allh € H and k € K.

(ii) Suppose that H = H' and K = K'. Then any external semidirect

product H x, K is isomorphic to H' Xy K' for some homomorphism
W K — Aut(H').

Proof. (i) We define ¢ : H 1y, K — G by ¢(h, k) = hk for all h € H and
ke K. Asin (5.1), for all h, k' € H and k, k' € K we have

p(h, k)p(h' k) = (hk)(W'K') = (h - (k) (h))(kK") = @(h - (k) (h), kK'),

S0 ¢ is a homomorphism. Moreover ¢ is a bijection since G = HK and
HN K = {1}, so ¢ is an isomorphism and G = H X, K.

(ii) Exercise.
[

By Theorem 5.36 and Theorem 5.40, we have at least on some level a
systematic way of studying semidirect products of two groups H and K up
to isomorphism. Theorem 5.40 tells us that all possible semidirect products
of two groups H and K can be constructed as an external semidirect product.
However, there are many examples where H x, K = H x4 K for ¢ # .
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Example 5.41. Let H be a non-abelian group. Consider the direct product
G = H x H. Then G is the direct product of H x {1} and {1} x H, so
G = H %, H with 9 as the trivial map.

Now consider the diagonal subgroup

K ={(h.h):heH.

It is clear that K < G and that K = H. Furthermore, we have that G is the
semidirect product of H x {1} and K, since (z,y) = (zy~*,1)(y,y) for all
z,y € H. By Theorem 5.40, we have G = H X H, where ¢’ : H — Aut(H)
is defined by ¢/(z)(y) = xyz~! for all z,y € H. Therefore

HxH=Hxy,H=Hxy H,
and here ¢’ # 1 since H is non-abelian.

Example 5.42. Any group G is a semidirect product in a trivial way, since
G = G xy {1} = {1} xy G. But there are many examples of groups which
can be written non-trivially as a semidirect product in many different ways.
That is, we can have H x, K = H' x, K' with H, K, H', K' non-trivial and
pairwise non-isomorphic.

Consider the dihedral group G = D;5 of order 12, with generators G =
(z,y) such that |z| = 2, |y| = 6, zyz~! = y~'. Then G is the semidirect
product of H = (y) and K = (x), so G = Cg xy Cy. On the other hand,
an exercise shows that G is also the semidirect product of H' = (y*) and
K' = <J,’,y3>, so G & Cg Xt (Cg X Cg)

Lemma 5.43. Let H and K be groups and let ¢,¢' : K — Aut(H) be
homomorphisms. Then the following hold:

(1) Suppose that ' = for some p € Aut(K). Then H xy K = H %y K.

(i) Suppose that there exists ¢ € Aut(H) such that ¢'(z) = ¢p(x)d~t for
allz e K. Then H xy K = H 3y K.

Proof. (i) Exercise: check that the map H x, K — H Xy K defined by
(h, k)~ (h,71(k)) is an isomorphism.

(ii) Exercise: check that the map H xy K — H Xy K defined by (h, k) —
(¢(h), k) is an isomorphism.
O

Remark 5.44. Besides direct products and semidirect products, there are
various other generalizations that have been studied in group theory. Suppose
that GG is a group and G = H K for some subgroups H and K. Here are some
notions that appear in the literature.
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(a)

Factorizations: Without any further assumptions, we say that G =
HK is a factorization of G. Even this level of generality has been stu-
died. Factorizations of finite non-abelian almost simple?® groups has
been studied extensively, and is still an active area of research?!. Facto-
rizations of almost simple groups come up very naturally in permutation
group theory, and have also found applications in the study of Cayley
graphs.

Zappa-Szép products: If H N K = {1}, we say that the factorization
G = HK is exact. In this case G is called the Zappa-Szép product of
H and K. One has the notion of an external Zappa-Szép product, for
which the analogue of Theorem 5.40 holds. A result of Douglas®? gives
a complete classification of Zappa-Szép products of finite cyclic groups
H=(C, and K = C,.

Central products: If hk = kh for all h € H and k € K, we say that
G is the central product of H and K. In this case H and K are normal
subgroups, H N K < Z(G), and we are not necessarily assuming that
H N K is trivial. (If HN K = {1}, we get the direct product of H and
K.)

There is a notion of an external central product and an analogue of The-
orem 5.40, which allows us to construct all possible central products
of H and K. The construction requires two subgroups Hy < Z(H),
Ky < Z(K), and an isomorphism v : Hy — K.

One defines an external central product as

Hoy, K= (H x K)/N,
where N is the normal subgroup N = {(h,k) € Hy x Ky : ¢(h) = k~'}
of H x K.

Let H and K be the images of Hx{1} and {1} x K in Ho, K, respectively.
Then the following hold:

~

e H=H

20 A non-abelian simple group G has trivial center, so G = Inn(G) and we can identify
G as a normal subgroup of Aut(G). A finite group X is almost simple if G < X < Aut(G)
for some non-abelian finite simple group G.

21Gee for example “T. C. Burness, C. H. Li, On solvable factors of almost simple groups.,
Adv. Math. 377 (2021)”

22]J. Douglas, On finite groups with two independent generators. I-IV., Proc. Nat.
Acad. Sci. U.S.A. 37 (1951).
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~

e K 2K
e [ o, K is the central product of H and IA(, with H N K = H,.

Given a central product G = HK, one has G = H oy, K with Hy =
HNK = Ky and % the identity map; thus the analogue of Theorem 5.40
holds?3.

5.6 Application: Groups of order pq (p, ¢ primes)
Let p and ¢ be distinct primes. What are the groups of order pq?

Lemma 5.45. Let G be a group such that |G| = pq, where p > q are primes.
Then G = C, x,, C, for some ¢ : Cy — Aut(C,).

Proof. By Cauchy’s theorem, there exist subgroups H < G and K < G
with |H| = p and |K| = q. We will show that H < G. If this is not the
case, then H # g 'Hg for some ¢ € G. But then H N g 'Hg = {1}, so
|Hg~'Hg| = p* > |G| by Lemma 1.88, a contradiction. Now the lemma
follows from Theorem 5.40. O

Proposition 5.46. Let G be a group such that |G| = pq, where p > q are
primes. If ¢4 p — 1, then G is cyclic.

Proof. We have Aut(C,) = (Z/pZ)* = C,_; by Lemma 5.27 and Theorem
1.52. Thus if ¢ { p — 1, then every homomorphism ¢ : C, — Aut(C,) is
trivial, and consequently C, x,, C;, = C, x Cy = Cpy. O

Proposition 5.47. Let G be a group such that |G| = pq, where p > q are
primes. Suppose that q | p— 1. Then the following hold:

(i) There ezists a non-trivial homomorphism 1 : C; — Aut(C,), so that
Xpq = Cp ¥y Cy is non-abelian.

(ii) Any group of order pq is isomorphic to Cpy or X, 4.

Proof. (i) Let C; = (x). Since ¢ | p — 1, there exists an element o order
q in Aut(C,) = C,_; (Lemma 5.27 and Theorem 1.52). Thus there
exists a homomorphism ¢ : C;, — Aut(C,) such that ¢)(z) = 0. Then
Xpq = Cp Xy C is non-abelian, since ) is nontrivial.

23For details, see for example M. Suzuki’s book “Group Theory I7, Proposition 4.17,
p.- 138.
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(ii) By Lemma 5.45, any group of order pq is isomorphic to C, x, C, for
some homomorphism ¢’ : C; — Aut(C,).

If ¢ is trivial, then C), xy C, = C, x C; = Cp,.

If ¢’ is non-trivial, then ¢'(x) is an element of order ¢ in Aut(C,).
Since Aut(C,) is cyclic, it has a unique subgroup of order ¢, and so
Y (x) = o* = ()" for some k € Z coprime to q. Thus 1)’ = ¥1)y,, where
Yy : C, — Cy is the automorphism of C, defined by 1 (z) = z* (Lemma
5.27 (i)). It follows then from Lemma 5.43 (i) that C), x4 C, = C, x4, Cy.

0

With Proposition 5.46 and Proposition 5.47, we have completed the clas-
sification of groups of order pg, where p and ¢ are distinct primes. We
summarize them in the following.

Theorem 5.48. Let p and q be primes and assume that p > q. Then the
following hold:

(a) If gt p — 1, there is a unique group of order pq up to isomorphism, the
cyclic group Cpy.

(b) If ¢ | p— 1, there are two groups of order pq up to isomorphism, the
cyclic group Cpq and a non-trivial semidirect product Cp, Xy, C.

Remark 5.49. As seen in the proof of Proposition 5.47, if ¢ | p — 1 and we
access to an automorphism of order ¢ in Aut(C,), a non-trivial semidirect
product C, x, C, can be described explicitly.

First note that due to the isomorphism Aut(C,) = (Z/pZ)*, finding an
automorphism of order ¢ in Aut(C,) is equivalent to finding an integer ¢ such
thatt 21 mod pandt? =1 mod p. Indeed, then the powering map g — ¢*
on C), defines an automorphism of order q.

Now writing C, = (z) and C, = (y), we have 2¥ = y? = 1, and yzy ! =
z'. Moreover, these relations determine the group operation on C, x, C,

completely.
Example 5.50. Some special cases:

(i) Every group of order 33 is cyclic.

(ii) There are two groups of order 21 up to isomorphism. The cyclic group
of order 21, and a non-trivial semidirect product G = C7 x, C5. We
have 2 # 1 mod 7 and 22 =1 mod 7, so as in Remark 5.49, the map
x +— 22 defines an automorphism of order 3 for C;. It follows that
there exist z,y € G such that G = (z,y), where |z| =7, |y| = 3, and

yry b = 2.
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(iii) As special case of Theorem 5.48, we recover Theorem 1.122. If p > 2 is
prime, then any group of order 2p is isomorphic to Cs, or Dyy,.

5.7 Application: p-groups of order p?

Let p be a prime. There is only one group of order p up to isomorphism,
the cyclic group C, of order p (Corollary 1.83). We have seen (Proposition
1.144) that every group of order p* is abelian, and in this case by Theorem
5.19 we have the following result.

Theorem 5.51. Let p be a prime. There are only two groups of order p* up
to isomorphism, the cyclic group Cpe and the direct product C), x C,,.

In this section, we will apply the results on semidirect products to classify
all groups of order p®. By Theorem 5.19 there are exactly three abelian groups
of order p* up to isomorphism: Cys, C), X Cp2, and C,, x C,, x C,,.

We will next see that there are two non-abelian groups of order p* up to
isomorphism, so in total we have gnu(p?) = 5 groups of order p®. Thus the
number of groups does not depend on p. However, we will have to deal with
the cases p = 2 and p > 2 separately, and we begin with the case p = 2.

Theorem 5.52. Let G be a non-abelian group of order 8. Then G = Dg or
G = Qs.

Proof. Note first that G must contain an element y € G of order 4. For
otherwise 22 = 1 for all + € G, which is only possible if G is abelian. We
now consider the elements in G \ (y). Clearly any x € G\ (y) must have
order 2 or order 4, and moreover G = (z,y). Now (y) is a normal subgroup
of G since it has index 2, so xyz~ € (y). Since |zyz~!| = |y|, we have
ryz~t € {y,y~'}. We cannot have xyz~' = y since otherwise G = (z,y)
would be abelian, so zyx~! =y~ for all x € G'\ (y).

Case 1: There exists x € G\ (y) with |z| = 2.
In this case G = (z,y) with |z| = 2, |[y| =4, zyz~' = y~!, and = & (y). Thus
G is dihedral by Lemma 1.68, and G = Dg by Theorem 1.71.

Case 2: For all x € G\ (y), we have |z| = 4.

In this case, any element of order 2 must be contained in (y), so n = y* is the
unique element of order 2 in G. In particular n € Z(G). Let € G\(y). Then
|z| = 4, so 2? = n and xyz~' = y~!. Similarly for z = zy we have |z| = 4,
22 =1, and zyz~' = y~'. The elements 1,7, 2", y*!, 2*! are distinct, so
G = {1,525, y*, 21}
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Moreover 2! = nx, y~! = ny, and 27! = 1z, so we conclude that

G ={1L,n,z,nx,y,my, 2,1y}

One can check that the elements of G satisfy the following relations:

r =Yy =2 =1
zy =z = 1(yx)

yz =x =1n(zy)

2 =y = 1(zz)

ng = gn for all g € G

Which may remind you of the relations established for the quaternion
group Qs = {*1,+i,+j, +k}, with —1, i, j, k corresponding to 7, =, y, 2z
respectively. At this point the theory of generators and relations would easily
allow us to prove that the bijection Qg — G defined by

1—1 —1—n
1= —i =T
J—y —J=ny
k— 2z —k—nz

is an isomorphism. This could also be checked manually.
Alternatively, we can compute the left regular representation ¢ : G —
Sym(G) and calculate

(L n xonr oy ny z nz
S0("%)_(96 ne n 1 2z nz ny y

(1 :vn:vynyznZ)
() (ynynzznlfcnx

Relabeling the elements of G as 1, 2, ..., 8, we find that

G =p(G) = (p(x), (y)) =((1324)(5768),(1526)(3847)).

These arguments also apply for QJg since it is a non-abelian group and all
elements of Qg \ (i) have order 4, so we conclude

Qs ((1324)(5768),(1526)(3847))

and thus G = Qs.
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Lemma 5.53. Let p be a prime, and let G be a non-abelian group of order
. Then |Z(G)| =p, G/Z(G) = C, x Cp, and Z(G) = |G, G].

Proof. By Corollary 1.143 the center of G is nontrivial, so |Z(G)| = p or
|Z(G)| = p*. Since G is non-abelian, G/Z(G) cannot be cyclic (Exercise
1.31), so we must have |Z(G)| = p. Thus G/Z(G) is a non-cyclic group of
order p?, which implies G/Z(G) = C, x C, by Theorem 5.51. In particular
G/Z(G) is abelian, so [G,G]| < Z(G). Because [G,G]| # 1 and |Z(G)| = p,
we conclude that Z(G) = |G, GJ. O

Lemma 5.54. Let p > 2 be a prime, and let G be a non-abelian group of
order p3. Then (xy)P = xPyP for all x,y € G.

Proof. By Theorem 5.53 the commutator subgroup is central of order p, so
by Lemma 4.8 we have

(ay)? = aPyPly, 2]
for all z,y € G. Since [G, G| has order p and since @ is a multiple of p,
we have [y, ] 25— 1 Thus (xy)? = aPyP for all z,y € G. O

Lemma 5.55. Let p > 2 be a prime, and let G be a non-abelian group of
order p®. Then one of the following holds:

(i) G contains an element of order p*, and G = Cj2 xy, C, for some 1 :

Cp — Aut(C’p2 ) .

(i) 2» =1 for all z € G, and G = (C, x Cp) xy C, for some ¢ : C, —
Aut(C, x C,).

Proof. By Lemma 5.54, the map ¢ : G — G defined by ¢(x) = zP for all
x € G is a homomorphism. Since G/Z(G) = C, x C, by Lemma 5.53, we
have p(G) < Z(G). Now |Z(G)| = p, so by the first isomorphism theorem
either | Ker ¢| = p? or | Ker ¢| = p3. We consider the two possibilities.

Case 1: | Ker | = p?.

In this case, there exists y € G such that y? # 1. Then we must have
ly| = p?, and H = (y) is a normal subgroup of G by Proposition 1.148. Now
H N Kery = (y?) has order p, so there exists x € Ker ¢ such that ¢ H.
Then for K = (x) we have HNK = {1} and G = HK, so G is the semidirect
product of H and K. By Theorem 5.40, (i) holds.

Case 2: |Ker | = p?.
In this case, we have 2 = 1 for all z € G. By Proposition 1.146 there exists a
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normal subgroup H < G with |H| = p?, and by Theorem 5.51 we must have
H = C, x C,. Now choose y € G\ H, and let K = (y), so K = C,. Then
HN K = {1}, and G is the semidirect product of H and K. By Theorem
5.40, (ii) holds. O

In view of Lemma 5.55, for p > 2 what remains is to classify the possible
semidirect products Cp2 Xy, Cp, and (C), x Cp) Xy, Cy.

Proposition 5.56. Let p > 2 be a prime. There exists a unique non-abelian
semidirect product Cp2 Xy, Cp, up to isomorphism.

Proof. Let C, = (z) and Cj2 = (y). First we note that a semidirect product
Cp2 %y C, is non-abelian if and only if ¢ : C, — Aut(C)2) is non-trivial,
equivalently 1) is injective.

By Theorem 1.55 and Lemma 5.27, we have Aut(C2) = Cp(p—1). Thus
we can find a homomorphism ¢ : C, — Aut(C)2) such that v (x) has order
p. Then C2 xy, C,, is non-abelian.

Consider any non-trivial map ¢’ : C, — Aut(C,2). Then ¢'(z) is an
automorphism of order p. Since Aut(C)2) is cyclic of order p(p — 1), it has
a unique subgroup of order p, and therefore ¢'(x) = 1 (z)* for some k € Z
coprime to p. Thus ¢/ = 1)y, where ¢, € Aut(C,) is the automorphism
defined by ,(z) = 2 (Lemma 5.27 (i)). By Lemma 5.43 (i), we conclude
that Cp2 Xy Cp = Cp2 Xy G O
Proposition 5.57. Let p > 2 be a prime. There exists a unique non-abelian

semidirect product (C, x C}) %y C, up to isomorphism.

Proof. Let C, = (g), and suppose that C, x C,, = (z,y). We can identify

Aut(C, x C,) = GLa(p), where a matrix A = <Z

Z) corresponds to the

automorphism defined by = — 2%°, y — 2%y%.

The matrix <(1) 1) has order p in GLy(p), so there exists a homomor-

phism 1 : C,, = Aut(C, x C,) such that ¢(g) = <(1) 1)

By Example 3.19 any element of order p in GLy(p) is conjugate to ((1) D :

Thusif¢' : C, — Aut(C,xC,) is a non-trivial homomorphism, then there ex-

ists ¢ € Aut(C), x C;y) such that ¢'(g) = ¢v(g)¢~". Then ¢'(go) = ¢o(g0)9™"
for all gy € C,, so by Lemma 5.43 (ii), we have (C, x C,) %, C, = (C, %
Cp) Xt Cp. ]

Thus for any prime p, there are exactly two non-abelian groups G of order
p?, up to isomorphism:
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o If p=2 we have G = Dg or G = Qs.

e For p > 2, we have G = Cj2 1, C), or G = (C,, x C))) Xy C,, where the
semidirect products are non-trivial.

For p > 2, we will realize the nontrivial semidirect products in the fol-

lowing examples. This amounts to finding automorphisms of order p in
Aut(C2) and Aut(C, x C,).

Example 5.58. First note that Aut(Cy) & (Z/p*Z)*, with k € (Z/p*Z)*
corresponding to the automorphism vy, : g — ¢* of Cj2. We saw in the proof
of Theorem 1.55 that 1+ p has order p in (Z/p*Z)*, so the map 1,1 is an

automorphism of order p for C2. Consider then Cj2 = (z) and C), = (y). We
have a homomorphism ¢ : C;, = Aut(C)2) defined by 9(y) = 114p. Then

Cp2 ¥y Cp = (z,y) with |z| = p?, |y| = p, and yay~ = 2P

Moreover, the group operation in Cp: X C), is completely determined by
these relations.

Example 5.59. Let x,y be a basis of C, x C,, and let C, = (z) be another
cyclic group of order p. As we have seen Section 5.4, we have Aut(C, x C),) =

. . b . .
GL2(p), with matrix (CCL ) corresponding to the automorphism of C, x C,

d

defined by x — z%y¢ and y — z’y¢. The matrix 1) € GLy(p) has order

1
0 1
p, so the map x — x, y — zy defines an automorphism ¢ : C, xC,, = C, xC),
of order p.

Thus we have a homomorphism ¢’ : C, — Aut(C, x C,) defined by

YP(z) = . Then (C, x C,) xy C, = (z,y, z) such that:

lz| = |yl =|z]=p

Ty = yx

(z,y) =2 C, x C,

zxz"! = x and 2yz! = a2y

The group operation in (C), x C,) X, C, is completely determined by these
relations.

Alternatively, a nontrivial semidirect product (C, x C,) %, C, can be
realized as the Heisenberg group

1 b
H, = 0 cl:abcel,
0 1

S = Q
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As seen in Exercise 1.37, for p > 2 the group H, is non-abelian of order p?,
and 27 = 1 for all x € H,.

5.8 Application: Groups of order 2n (n odd)

Lemma 5.60. Let G be a finite group of order mn, where ged(m,n) = 1.
Suppose that G contains a normal subgroup N of order n. Then N is the
unique subgroup of order n in G, and

N={xeG: 2" =1}
Proof. Exercise. O

Theorem 5.61. Let G be a finite group of order 2n, where n is odd. Then G
contains a unique subgroup N of order n. Moreover N <1 G and G = N x4, CY
for some homomorphism 1 : Cy — Aut(N).

Proof. Consider the left regular representation ¢ : G — Sy, of G. Since ¢
is injective, we can identify G with ¢(G) and assume that G < Sy,. For an
element g € G, its orbits on the 2n points in G are precisely the right cosets
of {(g) in G. Therefore any g € G is a product of |G|/|g| disjoint cycles of
length |g|. Consider an element x € G of order 2, which exists by Cauchy’s
theorem. Then

7 = (@10)) (a2}) -+ (anal)

is a product of n transpositions, so x is an odd permutation. Thus G is not
contained in As,, which implies that N = G N Ay, is a normal subgroup of
order n in G (Lemma 2.29).

Uniqueness of N follows from Lemma 5.60, and G = N x, C5 since G is
the semidirect product of N and (z) = Cs. O

Theorem 5.62. Let N be a finite group of odd order n, and let Cy = (x).
Then N xy Cy = N Xy Cy if and only if ¢(x) and o'(x) are conjugate in
Aut(N).

Proof. 1f ¥(z) = ¢(x)p~! for some ¢ € Aut(N), it follows from Lemma
5.43 (11) that N R, CQ =N % 02.
Conversely, suppose that there exists an isomorphism

7TZN>4¢,CQ—>N><]¢/02.

Since N is the unique subgroup of order n in both groups, we have m(NN) = N,
and thus the restriction of 7 to N provides an automorphism ¢ : N — N.
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For the generator x of Cy, we have 7(z) = nox for some ng € N. Since 7 is
a homomorphism, we get

r(ena™t) = m()m(n)m(z) ™ = nozp(n)etng! = nod! (@) (p(n)ng
for all n € N. Since m(xnz™') = p(¢(x)(n)) for all n € N, we conclude that

poth(x) =yn, 0¥ (x) 0 0,
where v, is the inner automorphism n s nonng .

Then @y(z)e! = 7,9 (), so it will suffice to prove that ~,,1'(z) and
Y'(z) are conjugate in Aut(/N). To this end, we note that 7,,¢’'(x) and 9'(x)
both have order 2, so by Theorem 1.71 they generate a subgroup which is
dihedral of order 2k, where k is the order of v,,. Now k is odd since | N| is, so
all elements of order 2 are conjugate in Doy, (Exercise 5.29), and in particular
Tno?' (x) and 9'(z) are conjugate. O

Corollary 5.63. Let N be a finite group of odd order n. Lett be the number
of congugacy classes of elements of order 2 in Aut(N). Then up to isomor-
phism, there are t + 1 semidirect products of the form N x Cs.

Proof. Follows from Theorem 5.62. (We get one group from the trivial homo-
morphism ¥ (x) = 1, which gives the direct product N x Cy. The remaining
t groups are given by ¢ : Cy — Aut(N) with ¢(x) of order 2.) O

Example 5.64. Exercise: As an application of the results of this section,
classify the groups of order 30, up to isomorphism. (Similarly, groups of
order 66 and 70.)

Example 5.65. Suppose that p > 2 is a prime. We will classify groups of
order 2p*. Any group N of order p? is isomorphic to Cj: or C), x C,. We
know the following:

o Aut(Cp2) = (Z/p*Z)* = Cpgp-1), so there is a unique element of order
2 in Aut(Cp2). Thus by Corollary 5.63, there are 2 semidirect products
Cpz2 Xy C, up to isomorphism.

o Aut(C, x C},) = GLy(p), and by results of Section 3.5 there are two
conjugacy classes of elements of order 2 in GLy(p), with representatives

-1 0 1 0
( 0 _1) and (0 _1) .
Therefore by Corollary 5.63, there are 3 semidirect products of the form

(Cp x Cp) »y Cy, up to isomorphism.

By Theorem 5.61, we conclude that there are 2 4+ 3 = 5 groups of order
2p?, up to isomorphism.
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6 Sylow theory

In this section, we will prove the fundamental theorems of Sylow on finite
groups. Throughout this section, a group G will always be a finite group and
p will be a prime.

6.1 Double cosets

Let H and K be a subgroups of a group G. An (H, K)-double coset is a set
of the form Hx K, where x € G.

Lemma 6.1. Let H, K < G be finite. Then

|HI K]
Hek| = — 18
|HzK] |z~ 'Hz N K|
forallx € G.
Proof. Since |HzK| = |z~ 'HzK]|, the claim follows from Lemma 1.88 and
the fact that |z 'Hz| = |H]|. O

Lemma 6.2. Let H K < G. Then for any two (H, K)-double cosets Hx K
and HyK , either HrK = HyK or HxK N HyK = (.

Proof. If Hr K N Hy K is nonempty, there exists h, h’ € H and k, k¥’ € K such
that hok = h'yk’. Then x = h™'h'yk'k™!, so HxK = Hh 'h'yk'k 'K =
HykK. 0

By Lemma 6.2, for H, K < G the (H, K)-double cosets partition G, i.e.
G is a disjoint union

G=|JHzK.
zeG
Assuming that G is finite, there exist representatives for the double cosets,
that is, elements z1, ..., z; € G such that
t
G=|JHzK
i=1

and Hz; K # Hx;K for i # j. Combining this with Lemma 6.1, we get the
following result.

Lemma 6.3. Let G be a finite group and H, K < G. Let x1, ..., x; € G be
representatives for the (H, K)-double cosets. Then

|H||K]
G
Gl = Z|x_1HmZﬂK|
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6.2 Sylow theorems

Theorem 6.4 (Sylow I). Let G be a finite group and let p be a prime. If p°
divides |G|, then G contains a subgroup of order p°.

Proof. We proceed by induction on the order of G, the case where |G| = 1
being obvious. Clearly we can assume that § > 0. The main idea is to use
the class equation (Proposition 1.119), which tells us that

Gl =12(G)| +)_[G : Colay)],

=1

where x1, ..., x; are representatives for the non-central conjugacy classes of
G.

If p divides |Z(G)|, then by Cauchy’s theorem Z(G) contains a subgroup
N of order p. Now N is a normal subgroup of G since it is central, and
by induction G/N contains a subgroup H/N of order p°~!. Then H is a
subgroup of G with |H| = p’. We may assume then that p does not divide
|Z(G)|. Since p divides |G|, it follows from the class equation that there
exists 1 < i < t such that [G : Cg(x;)] is not divisible by p. We have
|G| =[G : Cq(x;)] - |Ca(xi)], so we conclude that p® must divide |Cq(;)].
Now C¢(x;) is a proper subgroup since z; is not in the center, so by induction
Cg(x;) contains a subgroup of order p”. O

Let p be a prime and G a finite group. A p-subgroup of G is a subgroup
H < @ such that H is a p-group. A Sylow p-subgroup of G is a p-subgroup
H < G with |H| = p®, where p® is the largest power of p that divides |G|.
Equivalently, a Sylow p-subgroup of G is a p-subgroup H < G such that p
does not divide [G : H].

We will denote the number of Sylow p-subgroups in G by n,(G). Note
that n,(G) > 1 by Sylow L.

Lemma 6.5. Let G be a finite group and let P be a Sylow p-subgroup of G.
The following statements hold:

(i) If P < G, then P contains every p-subgroup of G.
(ii) Let Q be a p-subgroup of G. Then Q N Ng(P) =Q N P.
(ili) P QG if and only if ny(G) = 1.

Proof. (i) Suppose that P < G. Let x € G be an element of p-power order.
The order of zP in G/P must also be a p-power. On the other hand,
by Lagrange’s theorem the order of P divides [G : P]. Since p does
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not divide [G : PJ, it follows that P is the identity, and thus = € P.
So P contains every element of p-power order, and therefore it contains
every p-subgroup of G.

(ii) Note that P is a Sylow p-subgroup of Ng(P) and P < Ng(P). So since
Q N Ng(P) is a p-subgroup of Ng(P), we have Q@ N Ng(P) < P by
(i). Therefore Q@ N Ng(P) < QN P. The reverse inclusion follows from
P < Ng(P), s0 QN Ng(P) = QN P.

(iii) Suppose that P < G. If Q is a Sylow p-subgroup of G, then Q < P by
(i). Since |@Q| = |P| it follows that Q = P, and so n,(G) = 1.
For the other direction, suppose that n,(G) = 1. Every conjugate of P
is a Sylow p-subgroup of G, so we must have g '!Pg = P for all g € G.

In other words, the subgroup P is a normal subgroup of G.
m

Theorem 6.6. Let p be a prime and let P be a Sylow p-subgroup of G. Let
Q < G be a p-subgroup of G. Then there exists g € G such that Q < g~ 'Pg.

Proof. Consider the decomposition of G into a disjoint union of (P, Q)-double
cosets:

t
G=JPxQ
i=1
where x4, ..., x; € G and the double cosets Px;() are distinct. Then

t t

Gl =) [PeQl =) |PlQ: a7 Pz;N Q)]
i=1 i=1
by Lemma 6.1. Therefore

t

(G: P =>[Q:a;'Pz;N Q).

i=1

Since [G : P] is not divisible by p, it follows that for some 1 < i < ¢ we
have [Q : ;' Pz; N Q] not divisible by p. Since @ is a p-group, this implies
Q = x; ' Pz; N Q, in other words Q < z; ' Pux;. O

Theorem 6.7 (Sylow II). Let p be a prime. Any two Sylow p-subgroups of
G are conjugate.

Proof. Let P and () be Sylow p-subgroups of G. By Theorem 6.6, there
exists ¢ € G such that Q < g7'Pg. Since |Q| = |P| = |g~' Py, it follows
that Q = g~ Pg. O
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Theorem 6.8 (Sylow III). Let p be a prime, and let p® be the largest power
of p dividing |G|. Write |G| = p®m. Then the following hold:

(i) np(GQ) divides m,
(i) n,(G) =[G : Ng(P)] for any Sylow p-subgroup P < G,
(ili) n,(G) =1 mod p.

Proof. Let P < G be a Sylow p-subgroup of G. By Sylow II and Lemma
1.137 we have n,(G) = [G : Ng(P)], which divides

=[G : P] =[G : Ng(P)|[Nc(P) : PJ.

Thus (i) and (ii) hold. For (iii), we consider the (P, Ng(P))-double coset
decomposition of G. Let z1, ..., z; € G be representatives for the (P, Ng(P))-
double cosets in G with £y = 1. Then

t
G = Pz:iNa(P)
=1

and xa, ..., 2 € Ng(P). Since PxyNg(P) = Ng(P), we have

|G| = |Na(P)| +Z |Px; Ne(P)|

|P||Ng(P)|
P+ Z INa(P) 0w, Pay (6.1)
= |[Ng(P)| + Z INg(P)|[P: PN Py (6.2)

where (6.1) holds by Lemma 6.1 and (6.2) holds by Lemma 6.5 (ii). Therefore

[G: No(P)] =1+ [P:PNa; ' P

=2

For 2 <4 <t we cannot have P = PN x; ! Pa;, since this would imply P =
x; ' Pr; and contradict x; € Ng(P). We conclude then that [P : PNz ' Pl
is divisible by p for all 2 <7 <, and thus [G : Ng(P)] =1 mod p. By (ii),
we have n,(G) =1 mod p. O

Example 6.9. There are many examples where using Sylow III, we can
deduce from the order |G| of a finite group that it has a normal Sylow p-
subgroup.
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(a)

Suppose that |G| = 6 = 2-3. Then n3(G) divides 2, so n3(G) = 1 or
n3(G) = 2. On the other hand n3(G) =1 mod 3, so n3(G) = 1. Thus
G has a normal subgroup of order 3 (as we have already seen previously,
for example in Lemma 5.45).

Suppose that |G| = pq, where p > ¢ are primes. By Sylow III n,(G)
divides ¢, so n,(G) = 1 or ¢g. Since p > g we have ¢ # 1 mod p, so by
Sylow III n,(G) = 1. Therefore G has a normal subgroup of order p.

Similarly we know that n,(G) divides p, so n,(G) = 1 or ny,(G) = p.
Since ny(G) =1 mod ¢, if ¢ { p — 1, then n,(G) = 1. If ¢ | p — 1, we
have n,(G) = p when G = C, 1, C, is a nontrivial semidirect product.

Suppose that |G| = 40 = 23 - 5. Then n;(G) divides 8 = 23, so ns(G) is
equal to 1, 2, 4, or 8. Since 2,4,8 # 1 mod 5, we conclude n5(G) = 1
and so G has a normal subgroup @ of order 5. By Sylow I, there exists
a subgroup P < G with |P| =8 = 23, Then G is the semidirect product
of ) and P, so

G= 05 Xy P

for some homomorphism ¢ : P — Aut(Cs). We know that there are 5
groups of order |P| = 8 up to isomorphism. Thus the classification of
groups of order 40 is equivalent to classifying the following semidirect
products:

e (5 xy Cg (3 groups up to isomorphism)
o (5 %y (Cy x C3) (4 groups up to isomorphism)
o (5 Xy (Cy x Cy x C3) (2 groups up to isomorphism)
e (5 xy Dg (3 groups up to isomorphism)
o (5 Xy Qs (2 groups up to isomorphism)
For now we omit the details of how these semidirect products are classi-

fied up to isomorphism. However, the conclusion in the end is that there
are 3 +4 + 2+ 3 4 2 = 14 groups of order 40.

Suppose that |G| =42 = 2-3-7. Then n;(G) divides 6, so n5(G) is equal
to 1, 2, 3, or 6. Since 2,3,6 # 1 mod 7, we must have n;(G) = 1 and
so G has a normal subgroup of order 7.

Suppose that |G| = 56 = 2% - 7. Then n;(G) divides 8, so n7(G) equals
1, 2, 4, or 8. Since 2,4 # 1 mod 7, we have n;(G) = 1 or n;(G) = 8.
If n7(G) = 1, then there is a normal subgroup of order 7 in GG. Suppose
that n7(G) = 8. For distinct 7-Sylows @, Q" we have Q N Q" = {1} since
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they have prime order, so there are a total of 8 - (7 —1) = 48 = |G| — 8
elements of order 7 in G. This implies that there can be only one Sylow
2-subgroup, as otherwise we would get too many elements. In that case
there is a normal subgroup of order 8.

In conclusion, G will always a have a normal Sylow subgroup (either a
2-Sylow or a 7-Sylow, or both). It follows that either G = P X, C; or
G = C7 1y P, where |P| = 8. Classifying these semidirect products up
to isomorphism, one finds that there are a total of 13 groups of order 56,
up to isomorphism.

Lemma 6.10. Let P be a Sylow p-subgroup of G. Let H be a subgroup of G
such that Ng(P) < H. Then Ng(H) = H.

Proof. Tt is clear that H < Ng(H). For the converse, let x € Ng(H). Since
P < H, we have zPx~! < H. Since P and xPz~! are Sylow p-subgroups
of H, they are conjugate in H (Sylow II), so there exists h € H such that
hPh™' = xPx~!. Then h™'z € Ng(P), so v € HNg(P) = H. Therefore
N¢(H) < H, and thus Ng(H) = H. O

6.3 Sylow subgroups of subgroups and quotients

Let G be a finite group and let p be a prime. We will denote the set of Sylow
p-subgroups of G by Syl,(G). That is, if p® is the largest power of p dividing
G, we have

Sv1,(G) = {P < G 1 |P| =},

Given a subgroup H < G, or a normal subgroup N < G, what can we
say about Syl,(H), Syl,(N), and Syl,(G/N)? The next two lemmas provide
some answers.

Lemma 6.11. Let H < G. Then
Syl,(H) C{PNH:PecSyl(G)}.
Proof. Exercise. O]

One can find examples where Syl (H) & {P N H : P € Syl (G)}. (Exer-
cise.)

Lemma 6.12. Let G be a finite group, let p be a prime, and let N < G.
Then
Syl,(N) ={PNN: P eSyl(G)}

and

Syl (G/N) = {PN/N : P € Syl (G)}.
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Proof. Exercise. m
Lemma 6.13. Let G be a finite group, let p be a prime. Then:
(i) If H <G, then n,(H) < n,(G).
(ii) If N Q G, then ny(N) | n,(G).
(ili) If N < G, then ny,(G/N) | n,(G)
Proof. (i) Follows from Lemma 6.11.

(ii) By Lemma 6.12, every Sylow p-subgroup of N has the form P N N for
some P € Syl (G). Now

(PAN)Y=P/'NN=P'NN

for all ¢ € G. Thus G acts by conjugation on the set of Sylow p-
subgroups of N, and this action is transitive since Sylow subgroups are
conjugate in G (Sylow II). Thus n,(N) = [G : Ng(P N N)] by the
orbit-stabilizer theorem. Now Ng(P) < Ng(P N N), so

n,(G) =[G : No(PNN)|[Ng(PNN) : PON]| = n,(N)[Ng(PNN) : PNN].
Thus n,(N) | n,(G).

(iii) For P € Syl (G), we have PN/N € Syl,(G/N). Then Ng/ny(PN/N) =
Ng(PN)/N by Lemma 1.139. Thus

n,(G/N) = [G/N : Ng(PN)/N] = [G: Na(PN)].

On the other hand Ng(P) < Ng(PN) (since (PN)* = P*N® = P*N),
Slo)

ny(G) =[G : No(PN)][Ne(PN) : Na(P)]
= ny(G/N)[Na(PN) : N (P)].

In particular n,(G/N) | n,(G).
[

We note that tere are examples where H < G and n,(H) { n,(G). The
smallest example occurs for G = As. There exists a subgroup H < G such
that H = S3. An exercise shows that ny(H) = 3 and ny(G) = 5, so ny(H)
does not divide nq(G).

More generally for N < G, we have the following formula:
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np(G) = ny(N)ny(G/N)n,(Npn (PN N))

We will omit the proof, but this formula is due to Marshall Hall Jr.,
who studied properties of the numbers n,(G) in a paper from 1967. Among

other things, he proved that there does not exist a finite group G such that
n3(G) = 22 (although 22 =1 mod 3).

6.4 Number of p-subgroups of given order

Let GG be a finite group and let p be a prime. Suppose that p™ is the largest
power of p that divides |G|. By Sylow III, we know that the number of
subgroups of order p" is = 1 mod p. It turns out the same is true for the
number of subgroups of order p¥, for every 0 < k < n. We will prove this in
the following.

Theorem 6.14 (Frobenius, 1895). Let G be a finite group, and let p be a
prime. If p* divides |G|, then the number of subgroups of order p* in G is
=1 mod p.

Proof. Denote by r;, the number of subgroups of order p* in G. We will
proceed by induction on k. For k = 0 we have ro = 1, while for £ = 1
we have r1 = 1 mod p by Corollary 1.128. Suppose then that £ > 1 and
that 7, = 1 mod p for all finite groups G with p* | |G|. We will show that
ree1 = 1 mod p.

To this end, let Py, ..., P, be the subgroups of order p* in G. For
1 < i <1, let \; be the number of subgroups of order p**! that contain P;.
Note that A; is the number of subgroups of order p in Ng(P;)/P;. Indeed, if
P; S Q and |Q| = pF*1, then P, < Q by Proposition 1.148. Thus Q < Ng(P;),
and @/P; is a subgroup of order p in Ng(P;)/P;. Conversely, if Q/P; is a
subgroup of order p in Ng(P;)/P;, then Q is a subgroup of order p**! that
contains P;.

Since P; is contained in some Sylow p-subgroup (Theorem 6.6) and since
normalizers grow in p-groups (Proposition 1.147), the group Ng(FP)/P; is
divisible by p. Thus the number of subgroups of order p in Ng(F;)/P; is =1
mod p by Corollary 1.128. That is, we have \; =1 mod p forall 1 <17 < ry.

Similarly, let @1, ..., @, be the subgroups of order p*1in G. For
1 < i < rpyq, we denote by pu; the number of subgroups of order p* that
are contained in ;. By induction, we know that pu; = 1 mod p for all
1 < 1 < Tka1-

Then

A1+"'+A7‘k:u1+...+ﬂrk+17
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because both sides of the equation count the number of pairs (P, Q;) with
P < Q;. Wehave \; =1 mod p and g; =1 mod p for all 1 <¢ <7, and
1 <7 < gy, so it follows that

Ty = Tre1  mod p.

We conclude then that 7,1 =1 mod p. O]

6.5 Nilpotent groups and Sylow subgroups

We have seen previously that a finite abelian group is isomorphic to the direct
product of its Sylow subgroups (Lemma 5.22). More generally, this property
characterizes finite nilpotent groups.

Proposition 6.15. Let G be a finite group. The following statements are
equivalent:

(i) G is nilpotent.
(ii) Every Sylow subgroup of G is normal.
(i) G is the direct product of its Sylow p-subgroups.

Proof. We will prove (i) = (ii) = (iii) = (i).

(i) = (ii): Suppose that G is nilpotent, and let P < G be a Sylow p-subgroup
of G. By Lemma 6.10 we have Ng(Ng(P)) = Ng(P). Therefore Ng(P) can-
not be a proper subgroup of GG, since normalizers grow in nilpotent groups
(Proposition 4.43). Thus Ng(P) = G, which means that P < G.

(ii) = (iii): Write the prime factorization of |G| as |G| = p{*---p*t. For
1 <i <t let P, <G be a Sylow p;-subgroup of G. By assumption P; < G.
Then any product P;, - - - P;, of some P;’s is a subgroup.

Moreover we claim that |B;, --- P;,| = |P,|---|F,|, and this is easily
proven by induction. Indeed, first for ¢ = 1 the claim is trivial. For ¢ > 1
we have P, N (P, ---P,) = {1}, since by induction P, --- F;, is a subgroup
with order |P,|---|P,|, which is coprime to |P,|. Thus |P, (P, - P;,)| =

It follows then that PP, --- P, is a subgroup of order p{* - - - p* = |G|, so
G = P1P2"'Pt. For 1 S 1 S t we have -Pzﬂ(PllDz—IR—i-l-Pt) = {1},
since Py -+« P;_1P;y1 -+ P, is a subgroup of order |Py|--- |Pi_1| - |Piy1| - - | P
which is coprime to | P;|. It follows then from Lemma 5.5 that G is the direct
product of the subgroups P, ..., P;.
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(iii) = (i): In this case G is isomorphic to P X - -+ X P,, where P; is a finite
pi-group for some prime p;. Since finite p-groups are nilpotent (Lemma 4.42),
and since the direct product of nilpotent groups is nilpotent (Exercise 5.6),
we conclude that G is nilpotent. ]

For a finite group and a prime p, we define

0,G) = (] P

PeSyl,(G)

the intersection of all Sylow p-subgroups of G. It is clear that O,(G) char G,
and in particular O,(G) < G. Note also that since Sylow p-subgroups are
conjugate, for any Sylow p-subgroup P < G we have O,(G) = NgegP?.

Lemma 6.16. Let G be a finite group and let Q < G be a p-group. Then
Q < Op(G).

Proof. By Theorem 6.6, there exists Sylow p-subgroup P such that @ < P.
Then for g € G we have Q) = Q9 < P9, soin fact ) < P9 for all g € GG. Since
Sylow p-subgroups are conjugate (Sylow II), we conclude that @) is contained
in every Sylow p-subgroup of G. In other words, @ < O,(G). ]

By Lemma 6.16, the subgroup O,(G) is the largest normal p-subgroup of
G. That is:

e O,(G) is a p-group and O,(G) < G;
e If  is a p-group and @ < G, then Q < O,(G).

Lemma 6.17. Let G be a finite group and let p1, ..., p; be the prime divisors
of |G|. Then F(QG) is the direct product of O,,(G), ..., Op,(G).

Proof. Since F(G) is nilpotent, every Sylow subgroup of F(G) is normal
(Proposition 6.15). Let P, < F(G) be a Sylow p;-subgroup of F/(G). Since
P; is the unique Sylow p;-subgroup of F(G), we have P, char F(G) < G and
so P, < G. Thus P, < O,,(G). On the other hand O,,(G) is a nilpotent
normal subgroup of G, so O,,(G) < F(G). Therefore O,,(G) < P, since P,
is the unique Sylow p;-subgroup of G. Thus P, = O,,(G).

We have shown that O,, (G), ..., O,,(G) are the Sylow subgroups of F'(G),
so the lemma follows from Proposition 6.15. n
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6.6 Groups of certain orders are solvable

A classical application of Sylow theorems are proofs of solvability of groups
with certain orders. For example, we already now that any finite group of
order p", where p is a prime, must be solvable (Lemma 4.42). Burnside’s
theorem states that any group of order p"¢™ (p, ¢ primes) is solvable. The
easiest proof of this fact uses character theory, although later a purely group-
theoretical proof was found (Goldschmidt, Bender, Matsuyama). We will give
a proof in the special case where m = 1.

Proposition 6.18. Let p and q be distinct primes and n > 0 an integer.
Then any group of order p™q is solvable.

Proof. Let G be a finite group of order p"q, where p and ¢ are distinct primes
and n > 0 is an integer. We will first prove that G cannot be simple.

We have n,(G) | ¢, so n,(G) =1 or ny(G) = ¢. If n,(G) =1, then G
has a normal Sylow p-subgroup. Suppose then that n,(G) = ¢, in which case
g =1 mod p. Among the g Sylow p-subgroups, choose two P;, P, such that
the order of D = Py N P, is as large as possible.

We claim that ¢ divides |Ng(D)|. If this is not the case, then Ng(D) is a
p-group, so there exists a Sylow p-subgroup R such that Ng(D) < R. On the
other hand D < P, and normalizers grow in p-groups (Proposition 1.147), so
D < Ng(D)N Py. But now Ng(D) < R, so D S RN Py, which contradicts
the assumption that |D| is as large as possible. Thus ¢ divides |Ng(D)|.

In particular, there exists a ¢-Sylow subgroup @@ < Ng(D). Now @
acts on the Sylow p-subgroups by conjugation, and this action is faithful
and transitive since by n,(G) = ¢ we have [G : Ng(P)] = ¢ and thus
Ng(Py) = Py. In other words, each Sylow p-subgroup is equal to P for some
y € Q. On the other hand D < Py, so D = DY < P/ since Q < Ng(D).
Therefore D is contained in every Sylow p-subgroup of G. This implies that

D= () P

PeSyl,(G)

and in particular D < G.

If D # {1}, then D is a nontrivial proper normal subgroup of G, so G is
not simple. Suppose then that D = {1}. Since we have assume that D is
the largest possible intersection of two Sylow p-subgroups of G, in this case
PN P = {1} for any distinct Sylow p-subgroups of G. Thus there are a total
of (p" — 1)q = |G| — ¢ non-identity elements in the Sylow p-subgroups of G,
and all of these elements have order divisible by p. This leaves space for at
most ¢ elements among the Sylow g-subgroups of GG, so there can be at most

146



Topics in Algebra: Group Theory Mikko Korhonen

one Sylow g-subgroup in G. Thus n,(G) = 1, in which case G has a normal
subgroup of order q.

This completes the proof of the fact that G cannot be simple. To prove
that G is solvable, we can proceed by induction on n. For n = 1 we already
know that G' has a normal Sylow subgroup N (Lemma 5.45). In this case
N and G/N are both cyclic, so G is solvable (Lemma 4.23). Suppose that
n > 1, and let N be a proper non-trivial normal subgroup of G. Then N
is either a p-group, a g-group, or a group of order p™'¢ with n’ < n, so it
is solvable by induction. Similarly G//N is solvable by induction, so G is
solvable (Lemma 4.23). O

Proposition 6.19. Let G be a finite group order p*q?, where p and q are
primes. Then G s solvable.

Proof. We already know that groups of order p, q, p?, ¢%, pq, p*q, and pg® are
solvable (Proposition 6.18, Lemma 4.42). Thus it will suffice to prove that
G is not simple.

We can assume that n,(G) > 1, as otherwise G has a normal Sylow p-
subgroup. Then n,(G) = q or n,(G) = ¢*. In both cases ¢> =1 mod p, so p
divides ¢* =1 = (¢ —1)(¢+1). Since p is a prime, we conclude that p | ¢+ 1.
We can also assume that n,(G) > 1, and then similarly ¢ | p £ 1. It is then
straightforward to see that we must have ¢ = p £ 1. For example if p | ¢ — 1
and ¢ | p+ 1, then p < ¢ < p+ 1 which implies ¢ = p + 1.

Suppose then without loss of generality that ¢ = p + 1. Then either p or
q must be even, so p = 2 and ¢ = 3. In this case |G| = 36 = 22 - 32. Let
P < @G be a 3-Sylow subgroup of G. We have [G : P] = 4, so the action of
left cosets of P gives a homomorphism ¢ : G — Sy with Ker ¢ < P (Lemma
2.43). Since S, is not divisible by 9, we conclude that 3 | | Ker ¢|, so Ker ¢
is a non-trivial proper normal subgroup of G. O

Proposition 6.20. Let G be a finite group of order |G| = pqr, where p <
q < r are primes. Then G is solvable.

Proof. We know that groups of order p, q, v, pq, pr, and qr are solvable, so
it will suffice to prove that G is not simple.

To this end, we will prove that G has a normal Sylow subgroup. If this
is not the case, then n,(G),n,(G),n.(G) > 1. Note that n,(G) divides
qr, so n,(G) > ¢q. Similarly n,(G) divides pr and n,(G) = 1 mod p, so
ng(G) = r or ny(G) = pr; in particular n,(G) > r. Finally n,.(G) divides pq
and n,.(G) =1 mod r, so n,(G) = pg. We can now count elements of prime
order in G:

e n,(G) > ¢, so we have > ¢(p — 1) elements of order p;
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e n,(G) >r, so we have > r(q — 1) elements of order ¢;
e n,.(G) = pq, so we have pq(r — 1) elements of order r;

This gives us at least

pq(r—1)+7r(g—1)+q(p—1) =pgr +rq—r—q > pqr

elements of prime order (since rq > r+¢q), contradicting |G| = pgr. Therefore
there must be a normal Sylow subgroup. O]

6.7 Fitting subgroup and normal Sylow subgroups

Lemma 6.21. Let G be a finite solvable group. Then Co(F(G)) < F(G).
In other words, we have Cq(F(G)) = Z(F(Q)).

Proof. Denote F' = F(G) and C = Cg(F). Suppose, for the sake of contra-
diction, that C' £ F. Consider CF/F, the image of C'in G/F. Then CF/F
is a non-trivial group, and it is solvable since G is. Thus there exists k > 0
such that (CF/F)® = C®F/F is nontrivial, but (CF/F)*+) = {1},

By F < G we have C = Cg(F) < G. Furthermore C*) char C' < G, so
C™® 9 G. Next we will prove that C™®) is nilpotent. To this end, first note
that [C®) C®)] < F since (CF/F)*+1) = C:+) F/F is trivial. On the other
hand C™® centralizes F, so [C®), [C*) C®)]] = {1} and C® is nilpotent of
class < 2.

We have shown that C*) is a nilpotent normal subgroup of G, which im-
plies that C*) < F. But this is a contradiction, since (CF/F)*) = C®WF/F
is nontrivial. Therefore we must have C' < F', which implies C' = Z(F). O

Suppose that G is a finite solvable group, so then Cq(F(G)) = Z(F(Q))
by Lemma 6.21. Since F(G) < G, we have a map 7 : G — Aut(F(G)), with
Kerm = Cq(F(G)) = Z(F(G)) (from the conjugation action, see Theorem
5.32). By the first isomorphism theorem, the quotient G/Z(F(G)) is isomor-
phic to a subgroup of Aut(F(G)). Thus G can be seen as a extension of two
groups related to F(G):

e There is a normal subgroup N < G, the center of F(G).

e The quotient G/N is isomorphic to a subgroup of Aut(F(G)).

Conceptually, the point of this is that to a large extent the structure of
a finite solvable group G is controlled by its Fitting subgroup F'(G), since G
is an extension of Z(F(G)) and a subgroup of Aut(F(G)).
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We will mostly apply this in the case where F'(G) is abelian: in this
case, by Lemma 6.21 the quotient G/F(G) is isomorphic to a subgroup of
Aut(F(Q)).

Lemma 6.22. Let G be a finite group of order |G| = p*q, where p and q are
distinct primes. Then G has a normal Sylow subgroup.

Proof. We know that G is solvable (Proposition 6.18), so F(G) # {1}.

If ¢ | |F(G)|, then being nilpotent, F/(G) has a normal Sylow g-subgroup
Q. Then @ char F(G) < G and thus Q < G.

We can assume then that ¢ t |F(G)|, so |F(G)| = p or |F(G)| = p*.
If |F(G)| = p, then F(G) = C, and by Lemma 6.21 the quotient G/F(G)
embeds into Aut(C),) = C,_1, which is absurd since |G/F(G)| =pg > p — 1.
Therefore |F(G)| = p?, in which case F(G) is a normal Sylow p-subgroup of
G. O

Lemma 6.23. Let G be a finite group of order |G| = p*q*, where p and q
are distinct primes. Then G has a normal Sylow subgroup.

Proof. We know that G is solvable (Proposition 6.19), so F(G) # {1}.

If p* | |F(G)|, then as a nilpotent group F(G) has a normal Sylow p-
subgroup P of order p?. Since P char F(G) < G, we have P < G. Similarly
if ¢? | |F(G)|, we see that a normal Sylow g-subgroup of F/(G) is a normal
Sylow g-subgroup of G.

Thus we may assume that p? and ¢ do not divide |F(G)|. Since F(G) #
{1}, the possibilities are |F(G)| = p, |F(G)| = ¢, and |F(G)| = pg. In all
of these cases F(G) must be cyclic (since it is nilpotent), so by Lemma 6.21
the quotient G/F(G) embeds into Aut(F(G)).

If |[F(G)| = p, then G/F(G) is a group of order pg* that embeds into
Aut(F(G)) = Aut(C,) = C,_1, which is impossible. For a similar reason
|F(G)| = ¢ is impossible.

The only remaining case is |F(G)| = pg. In this case F'(G) is a nilpotent
group of order pg, so F(G) = C, x C,. Then Aut(F(G)) = Aut(C,) x
Aut(C,) = Cp_1 x Cyq. Now G/F(G) is a group of order pg that embeds
into Aut(F(G)), so this is a contradiction since pg > (p — 1)(¢ — 1). O

Lemma 6.24. Let G be a finite group of order |G| = p*q, where p and q are
distinct primes. Then G has a normal Sylow subgroup, except when p = 2,
q=3, and G = S,.

Proof. We know that G is solvable (Proposition 6.18), so F(G) # {1}.
If ¢ | |F(G)], then as a nilpotent group F(G) has a normal Sylow ¢-
subgroup @ of order ¢. Since @) char F(G) < G, we have ) < G. Similarly
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if p* | |F(GQ)], we see that a normal Sylow p-subgroup of F(G) is a normal
Sylow p-subgroup of G.

Therefore we can assume that ¢ and p* do not divide |F(G)|, in which
case |F(G)| = por |F(G)| = p* In both cases F'(G) is abelian, so by Lemma
6.21 the quotient G/F(G) embeds into Aut(F(G)).

If |[F(G)| = p, then G/F(G) is a group of order p?q that embeds into
Aut(F(G)) = Aut(C,) = Cp_q, which is impossible.

Therefore we must have |F(G)| = p?, and in this case F(G) = Cp2 or
F(G) = C, x C,. Suppose first that F'(G) = Cp2. Then G/F(G) embeds
into

AUt(F(G)) = Aut(Cye) = (Z/5*2) = Cypy sy,
In particular G/F(G) is abelian of order pg, so it has a normal subgroup
N/F(G) < G/F(G) of order p. Then N < G is a normal subgroup of order
p3, which is not possible when |F(G)| = p?.

Therefore F/(G) = C, x C,,. In this case G/F(G) embeds into Aut(C, x
C,) = GLy(p). We have

|G/F(G)| = pq
|GLa(p)| = (p— 1)*p(p + 1)

so pq divides (p — 1)*p(p + 1), which implies ¢ | p4 1. On the other hand,
since G does not have a normal Sylow p-subgroup, we have n,(G) > 1. By
Sylow III this implies n,(G) = ¢ and ¢ = 1 mod p, so p | ¢ — 1. Then
p<q<p=xl1,soit follows that ¢ = p + 1. Then either p or ¢ is even, so we
must have p =2 and ¢ = 3.

Thus we have |G| = 24 = 23 . 3, with F(G) = Cy x Cy. Since n3(G) > 1,
it follows from Sylow III that n3(G) = 4. Then for a 3-Sylow subgroup @, we
have [G : Ng(Q)] = 4, so Ng(Q) is a group of order 6. We consider the action
of G of the Sylow 3-subgroups by conjugation, which gives a homomorphism
(Lemma 2.43)

Q G — 54
with
Kero = (] Ne(Q)"
geCG

Since K = Ker ¢ is a proper subgroup of N (@), it must have order 1, 2, or
3. The order of K cannot be 3, since there is no normal Sylow 3-subgroup
in G.

We consider the possibility that |K| = 2. In this case G/K is a group of
order 12 = 2% . 3, so by Lemma 6.22 it has a normal Sylow 2-subgroup or a
normal Sylow 3-subgroup. If there exists a normal subgroup N/K < G/K
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of order 22 = 4, then N < G is a normal subgroup of order 23, which is not
possible when F(G) = Cy x Cy. The other possibility is that there exists a
normal subgroup N/K < G/K of order 3, in which case N < G is a normal
subgroup of order 2-3 = 6. We know that any group of order 6 has a normal
Sylow 3-subgroup, so there exists a unique subgroup ¢ < N of order 3. Then
@ char N < G implies that ) < G, again impossible when F(G) = Cy x Cs.

Thus |K| = 2 is not possible, and we must have |K| = 1. In other words,
the homomorphism ¢ : G — Sy is injective, and since |G| = 24 = |5,] it
must be an isomorphism. Hence G =2 S. O

6.8 Groups of order p?q (p and ¢ distinct primes)

Let p and ¢ be distinct primes. We consider the classification of groups of
order p?q. As a first step, let G be a finite group of order |G| = p?q, with a
Sylow p-subgroup P < G and a Sylow ¢-subgroup ) < G. By Lemma 6.22,
we know that G has a normal Sylow subgroup, so either P or () is a normal
subgroup. Since PN Q = {1}, we have |PQ| = |P||Q| = |G|, so G = PQ
and G is a semidirect product of P and @ (or of @ and P).

If both P and @) are normal, then G is the direct product of P and @)
thus isomorphic to one of the following groups:

sz X Cq
Cp x Cp x Cy.
It remains to consider the case where (G is a nontrivial semidirect product.

In this case, we know (Theorem 5.40) that G is isomorphic to a nontrivial
semidirect product of one of the following forms:

Cp2 LY, Cq,
(Cp x Cp) xy Cy,
Cq >4¢ Cp2,
Cq Ay (Cp X Cp)-

We begin with the following proposition, which is similar to Theorem
5.62.

Proposition 6.25. Let K = (x) be a finite cyclic group, and let H be a
finite abelian group. Let ¥,v¢' : K — Aut(H) be homomorphisms. Suppose
that ged(|H|, |K|) = 1. Then the following statements are equivalent:

(i) Hxy K~ Hxy K.
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(ii) There exists ¢ € Aut(K) such that Y (p(z)) is conjugate to ¢'(x) in
Aut(H).
Proof. (i) = (ii): Suppose that there exists an isomorphism o : H x, K —
H xy K. Since ged(|H|, |K|) = 1, by Lemma 5.60 in both groups H x, K
and H Xy K the subgroup H is the unique subgroup of order |H|. Therefore
o(H) = H, so the restriction 7 = o1y : H — H is an automorphism of H.
The image o(z) can be written in the form hk with h € H and k € K,
say o(z) = hox? with hy € H and d € Z. We have a surjective homomor-
phism 7 : H <y K — K defined by hk — k for all h € H and k € K.
Then 7o must be also surjective, so 7o(z) = 2¢ must be a generator of K
Therefore ged(d, |K|) = 1, and the map vy : K — K defined by z — 2% is
an automorphism of K (Lemma 5.27). Thus o(z) = hota(x).
We now consider the action of x on H. Let h € H. Then

o(zha™") = a(P(2)(h)) = (7 o () (h).
Using the fact that ¢ is a homomorphism and H is abelian, we have

o(rhz™) = o(x)o(h)o(z)™! (since o is a homomorphism)
= hox'm(h)z"hg"
— o /(@) (x(R) - By
¢ (2% (m(h)) (since H is abelian)
= (w Ya(x))(m(h)).

Therefore we conclude that

(m o 1p(x))(h) = (¢'(tha(x)) o 7) (R
for all h € H. Thus 7o ¢ (x) = ¢'(¢Yg(x)) o 7, so mp(z)m~t = '1a(w).
Hence ¢(z) and 9'¢y(z) are conjugate in Aut(H), so (ii) holds with
=17
(ii) = (i): Suppose that there exists ¢ € Aut(K') such that ¥ (p(z)) and

Y'(z) are conjugate in Aut(H). Then there exists 7 € Aut(H) such that
) (p(x))m~t =4/(z). For all k € Z, we have

¥ (2%) = ¢/ ()"
= (m(p(x))r )"
= 7T(¢(90(56))’“7r‘1
= m((p(z"))m
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since ¢ and ¢ are homomorphisms. Thus 7¢(¢(y))m~! = '(y) for ally € K,

so it follows from Lemma 5.43 (ii) that H Xy K = H x4, K. By Lemma 5.43
(i) we have H x4, K = H x,, K, so we conclude that H 3y K = Hxy K. O

For the classification of groups of order p?q, we will begin with the cases
where the normal Sylow subgroup is cyclic.

Lemma 6.26. Let p and q be distinct primes. Let N be the number of
nontrivial semidirect products Cy 1y (C, x C}), up to isomorphism. Then:

(i) N=0,ifptg—1.
(ii)) N=1,ifp|qg—1.

Proof. If p1 ¢ — 1, then there are no elements of order p in Aut(C,) = C,_1,
and thus every homomorphism v : C,, x C}, — C, is trivial. This proves (i).

For (ii), suppose that p | ¢ — 1. Let ¢, ¢’ : C, x C, — Aut(C,) be non-
trivial homomorphisms. Since Aut(C,) = C,_; is cyclic, the images Im
and Im " must be cyclic of order p. In fact Imv¢ = Im<)’, since C,_; has a
unique subgroup of order p.

By the first isomorphism theorem Kerty = (x) and Kervy/ = (2') are
cyclic of order p. Considering C),, x C, as a vector space over [F,, we can
extend to a basis {z,y} of C, x C, by choosing any y ¢ (z). In this case
my = (B(y).

Since Im¢ = Im¢)’, we can find ¥’ € C, x C, such that ¢'(y') = ¥(y).
Then y' & («'), so {2',y'} is another basis of C}, x C, as a vector space over
F

-
We can now define a linear map ¢ : C, x C, = C, x C, by p(2') = =
and ¢(y') = y. Since ¢ maps basis to a basis, it is an isomorphism of vector

spaces, and thus ¢ € Aut(C, x C,). Then we have ¢ =1'. Indeed,

ve(a') = ¢(z) =1 =14/(2')

vey') = v(y) =4'(y)
and thus ¥p(g) = ¢'(g) for all g € C, x C,, since this holds for g in the basis
{z/,y'}.

Since ¢ = ¢/, it follows from Lemma 5.43 (ii) that C, %y (C), x C}) =

Cy Xy (Cp x Cp). We have shown that there is at most one nontrivial semi-
direct product C, x (C}, x C,), up to isomorphism. To finish the proof of (ii),
it remains to check that there exists at least one non-trivial homomorphism
Y Cp x C, = Aut(C,). For this, take {z,y} a basis of C,, x C}, and define
Y(x) = I (identity) and ¢(y) = o, where o € Aut(C,) is an automorphism of
order p. (Such an automorphism exists since p | ¢ — 1 and Aut(C,) = C,_;.)
Then ¢ defines a non-trivial homomorphism C, x C, — Aut(C,). O
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Remark 6.27. Alternatively, one can prove Lemma 6.26 by showing that
any semidirect product C, x, (C, x C,) is isomorphic to (C, 1y Cp) x C,
for some homomorphism ¢’ : C}, — Aut(C,). Then the result follows from
Theorem 5.48.

Lemma 6.28. Let p and q be distinct primes. Let N be the number of
nontrivial semidirect products Cy Xy, Cp2, up to isomorphism. Then:

(i) N=0,ifptqg—1.
(i) N=1,ifplgq—1and p*tq—1.
(iii) N =2, ifp* | ¢— 1.

Proof. Let Cp2 = (x). Let ¢,¢" : Cpz — Aut(C,) be homomorphisms. By
Proposition 6.25, we know that Cy X, Cp2 = Cy Xy Cp2 if and only if there
exists ¢ € Aut(C,2) such that ¢(¢(z)) and ¢'(x) are conjugate in Aut(Cy).

On the other hand we know that Aut(C,) = (Z/qZ)* = C,—; is cyclic,
50 Cy Xy Cp2 = Cy Xy Cp2 if and only if there exists ¢ € Aut(C)2) such that
Y(p(x)) = ' (x). We will show that this is equivalent to (¢ (z)) = (¢'(x)).

To this end, first note that automorphisms ¢ € Aut(C)z2) are maps defined
by g4 :  — 2%, where ged(d, p) = 1. Thus if ¢ (pg(x)) = o' (z), then ¢(x)? =
Y'(x). Since ged(d,p) = 1, we have (¢(z)) = (¢'(x)). Conversely, suppose
that (¢(x)) = (¢'(x)). The image ¥ (x) must have order dividing p?. Thus
since 1'(x) generates (1)(z)), by Lemma 1.46 we have ¢'(z) = ¢ (z)? = ¢ (x?)
for some d € Z with ged(d, p) = 1. Therefore ¢¥(pq(z)) = ¢'(x).

We have shown that Cyx,Ce = Cyxy Cpe if and only if (¢(x)) = (¢'(x)).
Since Aut(C,) is cyclic ¢ — 1, it has a unique subgroup of each order dividing
q — 1. Thus (¢¥(z)) = (¢'(x)) if and only if |¢(x)| = [¢'(z)|. Since z has
order p?, the possible orders for [1(z)| are 1, p, and p?. We can now easily
finish the proof:

(i): If pf g—1, then there are no elements of order p or p? in Aut(C,) = C,_;.
Thus the only possibility is ¢(x) = 1, in which case 1) is trivial.

(ii): If p | ¢ — 1 and p* t ¢ — 1, then there is o € Aut(C,) with |o| = p, but
no element of order p?. We can define a homomorphism 1 : Cj2 — Aut(C,)
by ¥(z) = o, in which case |[¢)(z)| = p. Thus there is exactly one non-trivial
semidirect product.

(iii): If p* | ¢ — 1, there is 0 € Aut(C,) with |o| = p*>. We can define
homomorphisms ¢, ¢ : Cp — Aut(C,) with ¢¥(z) = o and ¢'(z) = o”.
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Then |¢(z)] = p* and |¢/(z)] = p. Thus there are exactly two non-trivial
semidirect products. O

Lemma 6.29. Let p and q be distinct primes. Let N be the number of
nontrivial semidirect products Cy2 Xy, Cy, up to isomorphism. Then:

(ii)) N=1,ifq|p—1.

Proof. Let C; = (x). Note that Aut(Cp2) = (Z/p*Z)* = Cyp-1) for all
primes p. Thus by applying Proposition 6.25 and arguing exactly as in the
proof of Lemma 6.28, we see that C2 X, Cy = Cp2 x4 Cy if and only [¢(x)] =
(@)

Now the order of |¢(x)| is 1 or g, so any two non-trivial semidirect pro-
ducts Cp2 x4 Cy must be isomorphic.

If ¢ { p— 1, there is no element of order ¢ in Aut(Cp2) = Cpp—1). Thus if
q1p — 1, any homomorphism ¢ : C; — Aut(C,2) is trivial, and so (i) holds.

If ¢ | p— 1, then there exists an element 0 € Aut(C,2) of order ¢g. Then
we can define a non-trivial homomorphism ¢ : C; — Aut(C)2) by ¢(z) = 0.
Thus (ii) holds in this case. O

With Lemma 6.26, Lemma 6.28, and Lemma 6.29, what remains is to
consider semidirect products of the form (C, xC,) x,,C,. Here Aut(C,xC,) =
GLs(p), and for the classification we will need a few more facts about the
structure of GLa(p).

Lemma 6.30. Let p be a prime. Then there exists an element of order p+1
in GLa(p).

Proof. Let K = F2 be a finite field of order p®. As a vector space over F,,, we
have dim K = 2 (see Section 3.1). We know that the multiplicative group of a
finite field is cyclic, so K* = Cj2_1. Now p+1 divides p* —1 = (p—1)(p+1),
so there exists an element ¢ € K* of order p + 1.

Define a map ¢ : K — K by ¢(z) = ez for all x € K. It is clear that ¢
is an IF,-linear map, and ¢ is a bijection since it has an inverse defined by
x +— ¢ 'z, In other words, we have ¢ € GL(K), where again K is considered
as a 2-dimensional vector space over [F,,. Since ¢ has order p + 1 in K*, it is
easy to see that |p| =p+ 1.

Thus we have shown that GL(K) contains an element of order p + 1.
The lemma follows, since K has dimension 2 over F, and hence GL(K)

GLa(p). [l
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Lemma 6.31. Let p be a prime, and let q be an odd prime dividing p + 1.
Then Sylow q-subgroups of GLa(p) are cyclic.

Proof. Note that | GLy(p)| = (p — 1)?p(p + 1). Let ¢* be the largest power
of ¢ dividing | GLy(p)|. We have ged(p — 1,p + 1) = 2, so since ¢ is odd and
q | p+ 1, the largest power of ¢ dividing | GLy(p)| is the largest power of ¢
dividing p + 1. In other words, ¢* divides p + 1.

By Lemma 6.30, there exists © € GLa(p) with |z] = p+ 1. Then y =
2@tD/4" has order |y| = ¢*, so (y) is a Sylow g-subgroup of GLy(p). Since
Sylow g-subgroups are conjugate, we conclude that every Sylow g-subgroup
of GLay(p) is cyclic. O

Theorem 6.32. Let p and q be distinct primes. Let N be the number of
nontrivial semidirect products (C, x Cy,) Xy, Cy, up to isomorphism. Then:

(i
(i
(i
(iv
Proof. First we note that if ¢ = 2, the result follows from Example 5.65,
which shows that there are exactly 2 nontrivial semidirect products of the
form (C), x C}) Xy Cy, up to isomorphism. We will assume then for the result
of the proof that ¢ > 2.

Now Aut(C,x Cp) = GLa(p), and | GLa(p)| = (p—1)?p(p+1). Therefore if
q 1 p£1, there is no element of order ¢ in GLy(p), and so every homomorphism
Y Cy — Aut(C, x C,) is trivial; as claimed by (iv). Thus we can assume

that ¢ | p £ 1.
Let C, = (x). We consider the two possibilities in turn.

=2, ifq=2.
=1,ifq>2andq|p+1.

:$, ifqg>2andq|p—1.

) N
) N
) N
) N

=0,ifqg>2andqgtp+1.

Case 1: ¢ |p+ 1.

By Cauchy’s theorem there exists an element of order ¢ in Aut(C, x C,), so
there is a nontrivial homomorphism C; — Aut(C, x C}). We will show next
that any two nontrivial semidirect products of the form (C, x C,) %, C, are
isomorphic, as claimed by (ii).

To this end, let ¢, ¢ : C; — Aut(C, x C,) be non-trivial homomorphisms,
so ¢ (x) and ¢/ (x) are automorphisms of order q. By Lemma 6.31, the Sylow
g-subgroups of Aut(C, x C,) = GLq(p) are cyclic. In particular each Sylow
g-subgroup of GLy(p) has a unique subgroup of order ¢, so by conjugacy of
Sylow g-subgroups we conclude that any two subgroups of order ¢ in GLy(p)
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are conjugate (Exercise 6.7). Therefore, there exists 7 € Aut(C, x C,) such
that m(¥(z))m~" = (¢/(z)).

Then 7ep(z)7 ! is a generator for (¢/(x)), so there exists d € Z such that
ged(d, q) = 1 and ¢/'(z) = (7(z)m 14 = 7p(a) 7. Now ¢4 : C; — C,
defined by x — z¢ is an automorphism of C,, and we have shown that 114(x)
and ¢/ (x) are conjugate in Aut(C, x C,). It follows therefore from Proposi-
tion 6.25 that (C, x Cp) Xy, Cy = (C), x Cp) Xy C.

Case 2: q|p—1.

First note that in this case we have p > 2. We consider C, x C,, as a vector
space over F,, and fix a basis {v,w} of C, x C,. Then we can identify
Aut(C, x C,) = GLa(p), with a matrix

(¢

v = v*w

denoting the automorphism
b

w — vew?

of C, x C,,.

Since q | p—1, there exists an element z € F)\ of order ¢. (In other words,
we can find an integer p such that 4% 1 mod p and p? =1 mod p.) Then
(1) is a subgroup of order ¢ in F)* and each of its elements is a root of the
polynomial ¢ — 1 € F,[t]. Thus t¢ — 1 splits into linear factors

t—T=(t =)t —p)(t—p)

Thus if g € GLs(p) has order ¢, then g?—1 = 0 and so the minimal polynomial
of g divides 7 — 1. In this case either g is a scalar matrix of the form p* I, or
it has a minimal polynomial (¢ — pu®)(t — p’) with p’ # 1/ (note that t9—1 has
no repeated roots). In any case, it follows that g is conjugate to a diagonal

matrix of the form
a 0
0 B

with a? = 7 = 1. By conjugating ¢ with the matrix

01

10
(which correponds to change of basis from {v, w} into {w, v}), we may assume
that a # 1.
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Consider a non-trivial homomorphism v : C; — GLa(p). Then ¢ (z) is an
element of order ¢ in GLy(p). It follows from the discussion in the previous
paragraph that there exists a m € GLy(p) such that

()t = (’6 /?,,)

for some a,b € Z with pu* # 1. Now u® has order ¢ in Fj;, so it generates

(1) and there exists d € Z with ged(d,q) = 1 such that p® = p. Then
¢ :C, — Cy, v+ z? defines an automorphism of C,, and

moela)n = oty = ().

It follows then from Proposition 6.25 that (C, x C,) X, Cy = (C, x Cp) Xy Cy,
where 9" : C;, — GLa(p) is the homomorphism defined by

@ = (5 ).

Next, for 0 <t < ¢g—1, we define G; = (C, x C,,) Xy, Cy, where ¢y : C; —
GL2(p) is the homomorphism defined by

- (5 8)

So far we have proven that any nontrivial semidirect product (C), x C,) %, C,
is isomorphic to one of the groups

Go, G, ..., Gy1.

Next we will use Proposition 6.25 to determine the isomorphisms between
these groups. We will prove the following:

Claim: Gy = Gy if and only if t = s, orts =1 mod q.
By Proposition 6.25, we have G; = G if and only if there exists ¢ € Aut(C,)
such that 1y (p(z)) and ¥s(z) are conjugate in GLa(p). Any such ¢ is of the
form ¢ = ¢4 : C; — C,, x +— 2 for some d € Z with ged(d, q) = 1.

Thus for 0 < t,s < ¢ — 1, we have Gy = G, if and only if there exists
d € Z with ged(d, q¢) = 1 such that the matrices

d
ut 0 w0
(0 u’*d) and (0 u8>

are conjugate in GLg(p). Two diagonal matrices are conjugate if and only if
they have the same diagonal entries, so these two matrices are conjugate if
and only if one of the following holds:
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o =y and p'd =y, in which case p® = (u?)! = p'.
o ul=pf and p!? = p, in which case p** = (u°)! = (p)t = p.

In the first case p® = p' implies t = s mod ¢, so t = s. In the second
case pu'* =y implies ts =1 mod ¢. The claim follows.
With the claim proven, we can easily see which of the groups

G07G17 s 7Gq71

are isomorphic to each other. Indeed, the groups Gy, G, G,—1 are not
isomorphic any other G;, while for 1 <i < ¢ — 1 we have G; = G, where i
is the inverse of ¢ modulo ¢q. (Note that 1 and —1 are the only elements in
Fx which are equal to their own inverse.) Thus there are a total of

q—3 q—+3
3+ —="——
2 2
groups among Gy, G1,...,G4—1, up to isomorphism. n

Let p and ¢ be distinct primes. With Lemma 6.26, Lemma 6.29, Lemma
6.28, and Theorem 6.32, we have completed the classification of groups of
order p?q. As a summary, the number of groups of order p?q, up to isomor-
phism, is given in Table 5.

6.9 Transfer

Let G be a finite group. In this section we will discuss the transfer homo-
morphism, which is a certain homomorphism G — H/[H, H| defined for any
subgroup H < G. For our purposes we will only consider the case where H
is abelian, in which case the transfer is a homomorphism G — H. (This will
suffice for our purposes, and the more general definition is not much more
difficult.)

Let GG be a finite group, and let H < G be an abelian subgroup. Let T
be a left transversal for H in G, in other words, a set of representatives for
the left cosets of H in G. Then |T| =[G : H], and

{gH:g€e G} ={tH :t € T}.

We can then define the “dot action” of G on T' as follows. For all g € G
and t € T, we have gtH = t'H for a unique ¢ € T, which we denote by
t' = get. It is straightforward to verify that this defines an action of G on
T, so the following properties hold:
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ptag—1, N=2
gtp+t1l. Abelian: Chp2g
Cp x Cpq
Non-abelian: None
p>2,q=2 | N=5
Abelian: Cop2
Cp X Cgp
Non-abelian:  Cp2 x Ca 2 Dy),2 (1 group)
(Cp x Cp) x Cy (2 groups)
p=2,q=3. | N=5.
Abelian: Ca
CQ X CG
Non-abelian: (02 X Cg) X 03 = A4
ng(CQXCQ)g53XC2gD12
C5 x Cy (1 group)
p?|q—1. N=5
Abelian: Cp2q
Cp x Cpq
Non-abelian:  (Cy x C}) x Cp (1 group)
Cq x Cp2 (2 groups)
q>3, N =4
plg—1, Abelian: Cp2y
P ig—1 Cp x Cpq
Non-abelian:  (Cy x C}) x Cp (1 group)
Cq x Cp2 (1 group)
p>2,qg>2, | N=3
q|lp+1. Abelian: Ch2g
Cp x Chq
Non-abelian:  (C), x Cp) x Cy (1 group)
q> 2, N = %
q|p-1. Abelian: [
Cp x Cpq
Non-abelian:  (Cp2) x Cy (1 group)
(Cp x Cp) x Cy (% groups)

Table 5: For p and ¢ distinct primes, the number N of groups of order p?q,
up to isomorphism.
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— let=tforallteT,
— (goh)et=(gh)e(t) forallt €T and g,h € G;
— For all g € G, the map t — g et is a bijection T" — T.

(This action is equivalent to action of G' on the left cosets of H.)
For all g € G and t € T we have gtH = (get)H, so (get)™lgt € H.
Therefore we can define a map vy : G — H by

vr(g) = [J(get) gt

teT

for all g € G. We call vr the transfer map from G to H. Note that since H
is abelian, the product over T is defined uniquely and does not depend on
the ordering of 7T'.

We will first check that the transfer map does not depend on the choice
of T', and after that we verify that it is a homomorphism.

Lemma 6.33. Let H < G be an abelian subgroup of a finite group G. Then
v = vg for any left transversals T, S of H in G.

Proof. Let T and S be left transversals of H in G. We denote the dot action
of GonT by e and on S by . Then gtH = (get)H and gsH = (g o s)H
forallge G,te T, and s € S.

For each t € T, there exists a unique s € S such that sH = tH. In this
case s = th; for a unique h; € H, so

For all t € T, we have
(g (thy)H = gthyH = gtH = (ge t)H = (g @ t)hye H.

Therefore
(g o (th)) = (g @ t)hget. (6.3)

Now we can calculate that

vs(g) = [J(g o 5)"gs

= [1(g o (the)) " gthe
= T]((g ® )hger) gt (by (6.3))
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= [ 7oei(g o )" gths

teT
= H h;.lt : H(g ot) lgt- H hy (since H is abelian)
teT teT teT
= H ht - vp(g) - H hy (since t — g @t is a bijection)
teT teT
= vr(g)
for all g € G. Thus vg = vr. O]

Thus for an abelian subgroup H < G, we can write v : G — H for the
transfer map.

Lemma 6.34. Let H < G be an abelian subgroup of a finite group G. Then
the transfer map v : G — H is a homomorphism.

Proof. Fix a left transversal T for H in G. For all x,y € G, we have

o(ay) = [ [((xy) e ) ayt

teT

= H(m o(yeot)) tayt (since e is an action)
teT

=[J@e(yet) a(yet)yot) yt

teT

=[[@ewet) ayet) [Jyot) yt (since (got)"'gt € H)

teT tel

= H(x ot) lut H(y ot) yt (since t — y o t is a bijection)
teT teT

= v(z)o(y).
so v : G — H is a homomorphism. O

Before applying the transfer homomorphism, we will need one more lemma,
for calculating the value of v(g) for g € G.

Lemma 6.35. Let H be an abelian subgroup of a finite group G, and let T
be a left transversal for H in G. Let g € G. Let Ty C T be representatives
for the orbits of (g) on T under the dot action, and fort € Ty denote by n,
the size of the (g)-orbit

(g)ot ={g" et : kecZ})

Let v : G — H be the transfer map. Then the following statements hold:
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(1) dier, e =[G HJ;

(ii) ny divides |g| for all t € Tp;
i)t~
V)

(iii

(i) v(g) = [Ter, 1™ .

Proof. Since T is the disjoint union of the (g)-orbits, (i) follows. Claim (ii)
follows since the size of an orbit divides the order of the group, so n; divides

(9)| = lgl-

For (iii), let t € Tp. Then the (g)-orbit of ¢ is

Lyt € H for all t € Ty;

{gFet:kecZ}={g"et:0<k<n}

For each t' = ¢g* e t in this orbit, in the product v(g) we have a factor

(got) gt =(ge (g et))g(g"et) = (g g(g" e t).

Thus

[T et gt = ] (6" et) "g(g" et)

t'=gket 0<k<ng

0<k<nt
= I (g ety glg " et

0<k<ny
— (gnt ° t)—lgnt(go ° t)
— t_lgntt,

which proves (iii). Claim (iv) also follows from this calculation, since

7=

teTo
This completes the proof of the lemma. n
As an example application, we can prove the following.

Theorem 6.36. Let G be a finite group and |G : Z(G)| = n. Then the map
g — g" is a homomorphism G — G.

Proof. We will prove that the map g +— ¢" is exactly the transfer map v :
G — Z(@), and thus a homomorphism. To this end, let T" be a left transversal
for Z(G) in G.
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Let ¢ € G, and choose Ty C T and integers n; for all ¢ € T, with
properties as in Lemma 6.35 (i) — (iv). Then t~'¢™t € Z(G) and thus
t~lgmt = g™ € Z(Q) for all t € Ty. Moreover

vig) =[] g™ =9",

teTy
since Y, e =[G 1 Z(G)] = n. O

Theorem 6.37 (Burnside). Let G be a finite group and P < G a Sylow
p-subgroup of G. Suppose that P < Z(Ng(P)) (in other words, Ng(P) =
Cq(P)). Then P has a normal complement in G: that is, there ezists a
subgroup K < G such that G = KP, KNP = {1} and |K| =[G : P].

Proof. Since P is central in Ng(P), in particular it is abelian and we have
the transfer homomorphism v : G — P. We will find that K = Kerv is a
normal complement for P. To this end, we first prove the following.

Claim: Let x,y € P. If v and y are conjugate in G, then x = y.

Suppose that z,y € P and y = gxg~! for some g € G. Since P is abelian,
we have P < Cg(x). Then gPg~' < Cg(grg™) = Cg(y). But we also have
P < Cg(y) since y € P, so P and gPg~! are Sylow p-subgroups of Cg(y).
By Sylow II they are conjugate in C(y), so there exists h € Cg(y) such that
hgPg~'h~' = P. Then hg € Ng(P). But P is central in Ng(P), so hg must
commute with z. Hence

= hgrg th™' = hyh™! =y,
where the last equality holds since h € Cg(y).
We will use the claim to evaluate the transfer v : G — P on elements of

P. Let T C G be a left transversal for P in G. Consider g € P, and let
Tp € T and ny be as in Lemma 6.35. Then }, . n; =[G : P], and

vig) =]t 9",
teTo

where t~1g™t € P for all t € Ty. We have g™ € P and t~'¢™t € P elements
of P which are conjugate in G, so by the claim above g™ = t~!g™t. Therefore

v(g) = [[ g = g"

teTo

for all g € P.
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This proves that P N Kerwv = {1}, since ged(|P|, [G : P]) =1 for a Sylow
p-subgroup P. Hence v restricted to P is injective, which shows that v must
be a surjective homomorphism. By the first isomorphism theorem K = Kerv
has order [G : P], and the theorem follows. O

6.10 Groups of squarefree order

An integer n > 1 is said to be squarefree if it is not divisible by the square of
any prime. In this case n = pps - - - p; for some distinct primes py, ..., p;. In
this section, we will give a complete classification of all groups of squarefree
order.

For n squarefree, we will see that the number of groups of order n is

flem) _ 1

gnu(n) = Z H ppT’

mln Pl
n/m|¢(m) p prime

where:
e ¢ is the Euler totient function,
e f(p,m) is the number of prime divisors g of m such that ¢ =1 mod m.
This result was originally proven by Holder (1895).

Lemma 6.38. Let G be a group of order |G| = p1pa---py, where p1 < ps <
- < pg are primes. Then the following are equivalent:

(i) G is nilpotent.

(ii) G is abelian.

(i) G is cyclic.
Proof. (i) = (ii): If G is nilpotent, it is isomorphic to the direct product of
its Sylow subgroups. In this case the Sylow subgroups of GG are cyclic, so G
is abelian.
(ii) = (iii): Follows from the fact that C,, x C,, = Cy,y if ged(m,n) = 1.

(Lemma 5.18.)
(iii) = (i): This is clear. O

Theorem 6.39. Let G be group of order |G| = pips - p, where p; < ps <
<o < py are primes. Then for all 1 < i < t, there exists a normal subgroup
N < G such that |N| = pipic1---pe. (In particular, G has a normal Sylow

pi-subgroup.)
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Proof. If t = 1 the claim is trivial, so we assume that ¢ > 1 and proceed by
induction on ¢.

Let P < G be a Sylow p;-subgroup of G. Recall that Ng(P)/Cqs(P) is iso-
morphic to a subgroup of Aut(P). On the other hand p; is the smallest prime
divisor of |G|, so the order of Aut(P) = C,,_; is coprime to |G|, and thus
Ng(P)/Cq(P) is trivial. In other words Ng(P) = Cq(P), so P < Z(Ng(P)).
By Burnside’s normal complement theorem (Theorem 6.37), there exists a
normal subgroup K < G with |K| =[G : P] =py---ps.

With this we can complete the proof. For i = 1 we can choose N = G.
For 2 < < t, by induction there exists a normal subgroup N < K such that
|N| = pipiy1 -+ - pe. Since ged(|N|, [K : N]) = 1, it follows from Lemma 5.60
that IV is the unique subgroup of its order in K. Thus N char K < G, which
gives N < G and completes the proof. O

Theorem 6.40. Let G be group of order |G| = pips - p, where p; < ps <
-o- < p are primes. Then G is solvable.

Proof. For t = 1 the claim is trivial, so assume that ¢ > 1 and proceed by
induction on t. By Theorem 6.39, there exists a normal subgroup N < G
with |N| = pg---p;. By induction N is solvable, and G//N is solvable since
it is cyclic; thus G is solvable (Lemma 4.23). O

Theorem 6.41. Let G be a group of order |G| = pips---p;, where p; <
pe < -+- < pg are primes. Then the Fitting subgroup F(G) has a cyclic
complement K in G. That is, there exists a cyclic subgroup K < G such that
KNF(G)={1} and G = F(G)K.

Proof. From Theorem 6.40 we know that G is solvable. Thus by Lemma
6.21 we have Cq(F(G)) = F(G), and so G/F(G) embeds into Aut(F(G)).
Since F'(G) is nilpotent, by Lemma 6.38 we have F'(G) = Cy for some d | n.
Thus G/F(G) embeds into Aut(Cy) = (Z/dZ)*, so in particular G/F(G) is
abelian.

Hence G/F(G) is cyclic of order n/d by Lemma 6.38. It is generated by
a coset gF(G) for some g € G, in which case g must have order divisible
by n/d. Then ¢’ = ¢* for k = |g|d/n is an element of order n/d in G. Let
K = (¢’). Then K is a cyclic subgroup of order n/d = [G : F(G)]. We have
K N F(G) = {1} since ged(d,n/d) = 1. Then G = F(G)K since

|F(G)] - K]
F(G)K| = = |F(GQ)|-|K| =G|
F(OK| = e gy = (@I 1K] = 6]
This completes the proof of the theorem. n
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With Theorem 6.41, we have essentially described the structure of a group
G with squarefree order |G|. Indeed, by Theorem 6.41 we know that G =
F(G)xy K, where F/(G) and K are both cyclic. Moreover, since Cq(F(G)) =
F(G) by the solvability of G, the homomorphism ¢ : K — Aut(F(G)) must
be injective. This means that there is an element of order [G : F(G)] in

Aut(F(Q)).
With this in mind, we can now construct all groups of squarefree order.
Let n > 1 be a squarefree integer. Let m | n, and write C,,, = (y) and

Cn/m = (x). Let 0 € Aut(C,,) be an automorphism of order n/m (if one
exists). Then we define

Gm,a = Cm Xy C’n/m:
where 9 : Cy/m — Aut(Cy,) is the homomorphism defined by 1 (z) = o.

Theorem 6.42. Let n > 1 be squarefree and let G be a group of order
n. Then there exists m | n and an automorphism o € Aut(C,,) such that

GG

Proof. Let m be the order of F(G). We have F(G) = C,, since F(G) is
nilpotent (Lemma 6.38). By Theorem 6.41, there exists a cyclic subgroup
K = (x) of order n/m such that G = F(G)K and F(G)N K = {1}.

Since G is solvable, we have F(G) = Cg(F(G)). Thus the homomorphism
Y K — Aut(F(G)) defined by v (k)(h) = khk™! for all k € K and h € F(G)
is injective. In particular ¢ (z) = o is an element of order n/m in Aut(F(QG)).
By Theorem 5.40 we have

G = F(G) Xy K
and it is clear that F'(G) Xy K = Gy 0. O

Lemma 6.43. Let n > 1 be squarefree, let m | n and let o € Aut(C,,) be an
automorphism of order n/m. Then F(Gpo) = Cp.

Proof. We have G, , = H xy K, where H = (), and K = C,,/,,. We will
prove that F'(Gy,,) = H. Since H < G, ,, we have H < F(G,,,).
For the other inclusion, first we note that

F(Gno) = H(F(Gno) NK)

since Gy, = HK and H < F(G,,,). Furthermore since F(G,, ) is nilpo-
tent of squarefree order, it is cyclic by Lemma 6.38. In particular F(G,,,)
centralizes H. Since the homomorphism ¢ : K — Aut(H) is injective, no
non-identity element of K centralizes H, and thus F(G,,,) N K = {1}. We
conclude then that F(G,,,) = H. O
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Theorem 6.44. Let n > 1 be squarefree. Let m,m' | n and let 0,0’ €
Aut(C,,) be automorphisms of orders n/m and n/m', respectively. Then
Gmo = Gy o if and only if m =m' and (o) = (0').

Proof. Suppose that G, = Guvo. Then F(Gy,) = F(Gpyo), so by
Lemma 6.43 we have m = m’. Let C,/,, = (x). Since Aut(C,,) is abe-
lian, by Proposition 6.25 there exists d € Z with ged(d,n/m) = 1 such that
0% =o', Since |o| = |0’| = n/m, it follows that (o) = (0’).

Conversely, suppose that m = m’ and (o) = (¢’). Then there exists d € Z
with ged(d,n/m) = 1 such that 0% = ¢’. It follows then from Proposition

6.25 that G, » = Gy v, as claimed by the theorem. O

Let n > 1 be squarefree. From Theorem 6.42 we know that any group G
of order n is isomorphic to G, , for some m | n and some automorphism o €
Aut(C,,) of order n/m. Furthermore, from Theorem 6.44 we know precisely
when two groups G, », G o are isomorphic: we have Gy, » = G, if and
only if m = m’ and o, o’ generate the same cyclic subgroup of Aut(C,,).
With this we can conclude the following.

Theorem 6.45. Let n > 1 be squarefree and m | n. Let g, be the number
of groups G of order n with |F(G)| = m, up to isomorphism. Then g,, is the
number of subgroups of order n/m in Aut(C,,), which is given by

flem) _ 1
B p
g =[] —- T
Pl
p prime

Here f(p,m) denotes the number of prime divisors q of m such that ¢ = 1
mod p.

Proof. 1t follows from Theorem 6.42, Lemma 6.43, and Theorem 6.44 that
gm is the number of subgroups of order n/m in Aut(C,,).

To prove the formula for g,,, write n/m = p; - - - p, with p; distinct primes,
and m = ¢, - - - ¢ with ¢; distinct primes. For 1 < i <, let d; be the number
of subgroups of order p; in Aut(C,,). Then we have

1<i<t

(Indeed, since Aut(C,,) is abelian, any subgroup of order n/m in Aut(C,,)
is a direct product of unique subgroups P, ..., P, with |P;| = p;.)
It remains to verify that the number d = d; of subgroups of order p = p;
in Aut(C,,) is equal to
pfem) 1
p—1
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For this, note that

Aut(Cy,) = Aut(Cy,) x Aut(Cy,) X -+ x Aut(C,,)
a—1 X CQQ—l Koo X Cqs_l'

As a cyclic group, each Cj,_; either has no elements of order p, or a unique
subgroup of order p. Therefore in Aut(C,,) there is a subgroup X isomorphic
to Cf; (v ’m), and furthermore X contains every subgroup of Aut(C,,) with order
p.

The value of d is thus given by the number of subgroups of order p in
C’g (pm), Any non-identity element of Cg P™) Yas order p, and the subgroup
generated by it contains p — 1 elements of order p. Combining this with
the fact that distinct subgroups of order p have no elements of order p in
common, we conclude that the number of subgroups of order p in C’f Pm) i
equal to

pfem) 1
p—1
This completes the proof of the theorem. O

Note that Aut(C,,) = (Z/mZ)* has order ¢(m), so Aut(C,,) contains an
element of order n/m only if n/m divides ¢(m). Thus we have the following
formula for the number of groups of squarefree order n.

pf(p m) _q

gnu(n) = > ] ,

mln Pl
n/m|¢(m) p prime

where f(p,m) is defined as above.
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Exercises

In each exercise, GG is a group. We recall notation from the lecture notes:
e |S| = cardinality of a set S.
e |z| = order of an element = € G.
e 04(G) = the number of elements of order d in G.
e For S C G and g € G, we denote S9 := g~ 19g.
e For S,T C G, we denote ST = {st:se€ S, t € T}.
e Ro={reR:z>0}
e Similarly Z> = {0, 1,2,3,...}, etc.
e gnu(n) = number of finite groups of order n, up to isomorphism.

e v,(n) = the largest integer & > 0 such that p* | n (for p prime and
n #0).
o I, is the field (Z/pZ,+, -) of integers modulo p (for p prime).

e k(G) = number of conjugacy classes in G.

Section 1
1.1 Let n > 0 be an integer. Prove that 1 < gnu(n) < co. Why gnu(0) = 07?
1.2 Examples of non-abelian groups:

(a) Let Q be a set with |2| > 3. Show that Sym(£2) is not abelian.

(b) Let F be a field and let n > 2 be an integer. Show that GL,,(F) is
not abelian.

1.3 Let G = GLy(Q). Define z,y € G by x = (_01 1) and y = <_01 (1))
Show that |z| = 2, |y| = 2, and |zy| = co.
1.4 Let G be a group.

(a) Suppose that 22 =1 for all z € G. Prove that G is abelian.
(b) Suppose that (zy)? = 22y? for all x € G. Prove that G is abelian.
(¢) Suppose that G is abelian. Prove that (zy)” = 2™y" for all n € Z.
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1.5 Suppose that © and €’ are sets such that 2| = |Q']. (In other words, sup-
pose that there exists a bijection  — €'.) Prove that Sym(€2) = Sym({).

1.6 Let G and H be groups, and let ¢ : G — H be an isomorphism.

(a) Prove that the inverse map ¢! : H — G is an isomorphism.

(b) Let ¢' : G — H be an isomorphism. Prove that ¢’ = ¢y for a
unique automorphism ¢ : G — G.

(c) Prove that G is abelian if and only if H is abelian.

e) Prove that |z| = |¢(x)]| for all z € G.

f) For d > 0, let 04(G) be the cardinality of the set {z € G : |z| = d}.
Prove that 04(G) = o4(H) for all d > 0.

)
(d) Prove that G is cyclic if and only if H is cyclic.
(e)

(f)

1.7 Prove the following statements.

(a) (@,+) % (R, +).
(b) (Q,+) Z(Z,+).
(¢) (R,+) = (Rsg,-). (Hint: Use the fact that e™¥ = e®eV.)
(d) (Q,+) # (Qso, ")

1.8 Let H < G. Prove that G is generated by G\ H ={r € G:x ¢ H}.
1.9 Let G = (Z,+).
(a) Prove that G = (2,3). Find a generator for the subgroup (4, 6, 12)
of G.
(b) For a,b € Z, what are the generators of (a,b)?
(¢) Find a generator for (2) N (3) and (14) N (12).
(d) For a,b € Z, what are the generators of (a) N (b)?

1.10 Let p be a prime number and G a finite group. Let x € G and k € Zxy.
Suppose that 27" has order divisible by p. Prove that |z| = p*|a®"].

1.11 Let x € G have order mn, where ged(m,n) = 1. Prove that there exist
unique elements y, z € G such that x = yz = zy and |y| = m, |z| = n. (Hint:
Use Bézout’s lemma.)
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1.12 Let G = (g) be a cyclic group.

(a) Suppose that |G| = 174. Describe all subgroups of G.

(b) Suppose that |G| = p?, where p is a prime. Describe all subgroups
of G.

(¢) Suppose that |G| = pgq, where p and ¢ are distinct primes. Describe
all subgroups of G.

(d) Suppose that |G| = p*, where p is a prime and k£ > 1. Describe all
subgroups of G.

1.13 Let G be a group.
(a) Suppose that the number of subgroups of G is finite. Prove that G
is finite.

(b) Suppose G # {1} and that G has only two subgroups, {1} and G.
What can you say about the structure of G?

(c¢) Let G be a group and suppose that G has exactly three subgroups,
{1}, H, and G. What can you say about the structure of G?

(d) Let G be a group and suppose that for any H < G, either H = {1}
or H = (G. What can you say about the structure of G?
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1.14 Let G = (Q, +).

(a) The following subgroup
2 12

<§7 7>
of (Q, +) is cyclic. Which elements generate it?
(b) Show that every finitely generated subgroup of G is cyclic.

(¢) Let H and K be nontrivial subgroups of G. Show that H N K is
nontrivial.

(d) Let H be the set of rational numbers of the form

a
?a

where a € Z and k > 0. Prove that H is a subgroup of (Q, +) and

that H is not cyclic.

(e) Let H be the set of all rational numbers with finite decimal ex-
pansion (for example 1/8 = 0.125 € H, but 1/3 =10.333... € H).
Prove that H is a subgroup of (Q,+). Is H cyclic?

1.15 Let z be an odd integer and k& > 0.

orders of 3 and 77
1.16 Let G be a group. For m € Z, we define G(m) = {x € G : 2™ = 1}.

(a) Let G be an abelian group. Show that G(m) < G for all m € Z.

(b) Suppose that G = (g) is cyclic of finite order n. Let m > 0 be an
integer. Find a generator for G(m). What is the order of G(m)?

(c) What does G(m) look like when G is infinite cyclic?
(d) For G = Ss, calculate G(m) for m = 1,2,3,4,5,6. Which ones are
subgroups?

1.17 Let S € G and let ¢ : G — H be a homomorphism. Prove that

(0(9)) = ¢((5))-
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1.18 (See Lemma 1.70.) Let G = (z,y) and H = (z,w) be groups such that
the following hold:
o |2 =2 aya™! =y} and x & (y)

o 2| =2, zwz"l =w™! and 2 & (w).

Suppose that |y| = |w|. Prove that the map ¢ : G — H defined by p(z'y’) =
2w for all i, € Z is a well-defined isomorphism.

1.19 (See Section 1.7.) Construction of dihedral groups:

(a) Let n > 3. Define 2,y € S, as z : {1,...,n} — {1,...,n},
z(i)=n+1—idiforalll <i<n,and y= (12 --- n). Prove that
(x,y) is dihedral of order 2n.

(b) Consider x,y € Sym(Z), where the bijections x,y : Z — Z are
defined by
x(i) = —i for all i € Z,
y(i) =i+ 1 forall i € Z.

Prove that (x,y) is an infinite dihedral group.

1.20 Let G = (z,y) be dihedral, where |z| = 2, xyz™' =y, and = &€ (y).
Prove that every element of G\ (y) has order 2.

1.21 Prove that every proper subgroup of (Jg is cyclic. What are the sub-
groups of Qg?

1.22 Let H and K be subgroups of a group . Show that H K is a subgroup
if and only if HK = K H. Find an example where H K is not a subgroup of
G.

1.23 (Basic observations about normal subgroups.)

(a) Let H be a subgroup of G such that [G : H|] = 2. Prove that
H<G.

(b) Let G = Qs. Show that every subgroup of G is normal.
(¢) Let G = Dg. Find subgroups H < K < G such that H 4 G.
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1.24 Let G be a group.
(a) Let H < G. Suppose that G = HHY for some g € G. Prove that
G=H.

(b) Let H, K < G and suppose that G = HK. Prove that G = H*KY
for all z,y € G.

1.25 Let G = Sym(Z), the group formed by bijections Z — Z.
(a) Show that H = {0 € G : o(x) = z for all z < 0} is a subgroup of
G.

(b) For ¢ € G, show that HY = {¢ € G : o(z) = xzforallx €
97 (Z<0)}-
(¢) Find an element g € G such that HY C H and HY # H.

1.26 Let G = GLy(R).
(a) Show that

is a subgroup of G.

(b) Consider a diagonal matrix g =

. 2) with @, 8 € R\ {0}.
Describe HY9. For which values of o and 8 does HY9 C H hold?

What about HY = H? Find «a and  such that HY C H, but
HY9 #+ H.

1.27 Suppose that G is abelian. Prove that G is simple if and only if G is
cyclic of prime order.

1.28 A proper subgroup M < G is said to be maximal, if M < H < G implies
H=Mor H=G(.

(a) Let M < G be a maximal subgroup. If M is a normal subgroup,
prove that G/M is cyclic of prime order.

(b) Show that there are no maximal subgroups in (Q, +).
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1.29 (Conjugacy classes for some examples.)

(a) Determine the conjugacy classes of G = Qs.
(b) Determine the conjugacy classes of G = Dy, G = Dy, G = Ds.

(¢) Determine the conjugacy classes of G = Dy, for n > 4 even. (You
should find k(G) = (n + 6)/2 classes.)

(d) Determine the conjugacy classes of G = Ds,, for n > 5 odd. (You
should find k(G) = (n + 3)/2 classes.)

(e) Determine the conjugacy classes of G = D,. (There are an infinite
number of conjugacy classes.)

1.30 Let n > 3. Show that Z(S,) = {1}.
1.31 Prove that if G/Z(G) is cyclic, then G is abelian.
1.32 Prove that if N < G and |[N| =2, then N < Z(G).

1.33 (See Theorem 1.124.) Let p be a prime number. Suppose that G contains
a subgroup U of order p. For z € G, define [z] = 2U if z € Cg(U), and
[2] = {uzu™' :u e U} if x & Cq(U).

(a) Show that for all z,y € G, either [z] = [y] or [z] N [y] = 0.
(b) Show that [x] contains exactly p elements for all x € G.

(c) Suppose that € G is such that 2P = 1. Show that y? = 1 for all
y € [z].

(d) Prove that if G has only finitely many elements of order p, then
0p,(G) = —1 mod p.

1.34 Let G be a finite group.

(a) Prove that k(G) = 2 if and only if G = Cs.
(b) Prove that k(G) = 3 if and only if G = C5 or G = S;. (Hint: Use
the class equation.)

1.35 Let G be a group and N < G. Let N < H < G. Then Ng/ny(H/N) =
Ne(H)/N.

1.36 Let p be a prime. Let G be a non-abelian p-group of order p3. Prove
that k(G) =p*+p—1.
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1.37 Consider the Heisenberg group

H —

p

o O =
O~ Q2

b
cl:a,bcel,
1

(a) Show that H, is a non-abelian subgroup of GL3(p) such that |H,| =

pe.

(b) Determine Z(H,).
(c) If p> 2, prove that 2? = 1 for all x € H,,.

(d) By part (a), the group Hs is a non-abelian group of order 8. Is
H2 = Qg or HQ = Dg?

1.38 Let G be a group.

(a) Prove that Cg(g*) = Cq(g)” for all g,z € G.

(b) Suppose that G is finite. Prove that the number of pairs (z,y) €
G x G such that xy = yz is equal to k(G)|G|. Conclude that the
probability that two randomly chosen elements of G commute is

equal to k(G)/|G|.

Section 2

2.1 Let 0 = (iy --- ig) and 7 = (j1 --- je¢) be cycles in S,,. If o and 7 are
disjoint, then o7 = 70.

2.2 (Generators for S,,.)

(a) Show that S, is generated by (1 2), (1 3), ..., (1 n).
(b) Show that S, is generated by (1 2), (2 3), ..., (n — 1 n).
(¢) Show that S, = ((12),(12 --- n)).

2.3 Let 0 € S, be a k-cycle.

(a) Prove that |o| = k.

(b) Let d | k. Prove that o is a product of d pairwise disjoint cycles
of length k/d.
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2.4 Denote the maximal order of an element of S,, by g(n). Below is a list
of small values:

n (1 2 3 4 5 6 7 & 9 10 11 12 13 14
gm)|1 2 3 4 6 6 12 15 20 30 30 60 60 &4

Using the values of g(n) given above, find an element of largest order in S,
for 1 <n < 14.

2.5 Let 0,7 € S,,. Consider the set Y of pairs {7, j} such that {7(i),7(j)} €
I(0). Prove that |Y| = |I(0)].

2.6 Let 0 = (i j) € S, with 1 <7 < j <n. Calculate |I(0)|, the number of
inversions of o.

2.7 Let n > 3. Prove that A,, has no subgroup of index 2.
2.8 Let n > 4. Prove that Cg, (A,) = {1}. Conclude that Z(A,) = {1}.

2.9 Let n > 2 and G < S,,. Then either G < A,,, or G N A, is a normal
subgroup of index 2 in G.

2.10 Find representatives for the conjugacy classes of S5, and the size of each
conjugacy class.

2.11 Let G = S;.

(a) Prove that N = {(1),(12)(34),(13)(24),(14)(23)} is a normal
subgroup of G.

(b) Find all the normal subgroups of G. (Hint: A normal subgroup is
the union of conjugacy classes.)

2.12 Suppose that n > 5 and N < S,,. Prove that N = {1}, N = A, or
N =5,.

2.13 Prove that (1 2 3) and (1 3 2) are not conjugate in A4. Find all the
conjugacy classes in Ay.

2.14 Let 0 € S, be an n-cycle. Prove that Cg, (o) = (o).

2.15 Let O = orb,(i) be an orbit of o € S,,. Prove that if g € Cg, (o), then
g(0) is an orbit of o. Prove then that Cg, (o) acts on the orbits of o.
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2.16 Let n > 3.
(a) Let o0 € A,,. Suppose that in the cycle decomposition of o, there
is a cycle of even length. Prove that Cg, (o) £ A,.

(b) Let 0 € A,. Suppose that in the cycle decomposition of o, there
are two cycles with equal length. Prove that Cg, (0) £ A,,. (Hint:
If the length is even, use the previous part. If the length is odd,
use an odd permutation that swaps the two orbits corresponding
to the cycles.)

(c) Prove that for o € A, the conjugacy class o°» splits in A, if and
only if the cycle decomposition of o consists of disjoint cycles with
distinct odd lengths. (Hint: For one direction, use the other parts
of this exercise. For the other direction, use exercises 2.14 and
2.15.)

2.17 Let GG be a group and H < . Consider the action of GG on the set
X ={gH :9€G}

of left cosets of H in GG. Prove that G acts transitively on X, and that
stabg(xH) = xHx ! for all z € G.

2.18 Let G = GLy(FF), where F is a field. Let V = F? with standard basis
e1, e of column vectors. Describe stabg(e1) and stabg(es). Prove that for
all v € F%\ {0}, the stabilizer stabg(v) is conjugate in G to stabg(e;).

2.19 Consider the normal subgroup N = {(1), (12)(34),(13)(24),(14)(23)}
of G == 34.

(a) Show that G' acts on N \ {1} by conjugation.

(b) Prove that the homomorphism ¢ : G — S; corresponding to this
action is surjective with Ker o = N.

(c) Prove that G/N = S;.
2.20 Let G < S, such that G = Q)g. Prove that n > 8.

2.21 Let G be a finite group and H < G a proper subgroup. Let [G : H| =
r > 1.

(a) Prove that for all z € G, there exists 0 < k < r such that z* € H.
(b) Prove that if G is simple, then |G| divides r!.
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2.22 Let n > 5. Let H be a proper subgroup of A,,. Prove that [A, : H] > n.

2.23 Let G be a finite group and let p be the smallest prime divisor of |G]|.
Suppose that there is a subgroup H < G such that [G : H| = p. Prove that
H<G.

2.24 (On inclusions between symmetric and alternating groups.)

(
(

a) Let n > 1. Prove that .S, is isomorphic to a subgroup of S,,11.

b) Let n > 1. Prove that A, is isomorphic to a subgroup of A,1.

(
(d

(e) Let n > 4. Prove that S, is not isomorphic to a subgroup of A, ;.

)
)
c) Let n > 3. Prove that S, is isomorphic to a subgroup of A, .
) Prove that S3 is not isomorphic to a subgroup of A,.

)

Section 3
3.1 Let n > 1. Prove the following:

(a) Z(G(Ln)(q)) = {Al, : A € F}, the subgroup of scalar matrices in
GL,(q).

(b) Z(SL.(q)) = {AL, : A € F, A" = 1}, the subgroup of scalar matri-
ces in SL,(q).

(Hint: For 1 <i,j < n; let E;; be the (n x n) matrix with 1 as the (i, j)
entry (row 4, column j) and zeroes elsewhere. For all 1 <, j < n with i # j,
we have I, + E; ; € SL,,(¢). Thus if a matrix commutes with every element of
SL,(g), it will commute with E; ; for all 7 # j. Use this fact to show that if a
matrix commutes with every element of SL,(¢), it must be a scalar matrix.)

3.2 Let p(t) € F[t] be a polynomial of degree 2 or degree 3. Prove that p(t)
is an irreducible over F if and only if p(¢) has no root in F. Find an example
of a polynomial p(t) € F[t] of degree 4 such that p(t) has no roots, but p(t)
is not irreducible.

3.3 Let ¢ be a prime power. Prove that the number of irreducible polyno-
mials in F,[t] of the form ¢? + 8t + « is equal to ¢(¢ —1)/2. (Hint: count the
number of reducible polynomials.)

3.4 Determine the irreducible monic polynomials of degree 2 in Fy[t] and

Ty t].
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3.5 Let g be a prime power. Prove that the number of irreducible polyno-
mials in F,[t] of the form ¢* 4+ 8t 4 1 is equal to (¢ —1)/2 if ¢ is odd, and ¢/2
if ¢ is even.

3.6 Let G = GlLy(¢) and g = ( € G, where o, 8 € F and a # 3.

a 0
0 p
Describe C(g) and calculate |Cg(g)].

«

3.7 Let G = GLy(q) and g = (O

and calculate |Cg(g)].

1 .
a) € G, where a € F. Describe Cg(g)

3.8 Suppose that t* + St + a € F,[t] be an irreducible polynomial over F,.

Let G = GLy(q) and g = ((1) :g) €eG.

(a) Show that

Calg) = {Ma+pg : A, p € Fg and (A, p) # (0,0)}

and conclude that |C(g)| = (¢ — 1)(g + 1).

b) Prove that C' = {5 + ug : A\, u € F,} equipped with matrix
q
multiplication and addition is a field with ¢ elements.

3.9 Let p(t) € F[t] and write p(t) = t" + ¢, 1t"' + -+ + 1t + ¢y, where
¢; € F. Define

00 -+ 0 —c
1 0 --- 0 —C1
A=l01 - 0 -6
00 -+ 1 —cp

(a) Prove that the characteristic polynomial of A is equal to p(t).

(b) Prove that the minimal polynomial of A is equal to p(¢). (Hint:
Let ey, ..., e, be the standard basis of column vectors. Show first
that for any polynomial ¢(t) of degree < n, we have g(A)e; # 0.)

3.10 Describe representatives for the conjugacy classes in GL2(3), and de-

termine the size of each conjugacy class. (There are a total of 8 conjugacy
classes.)
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3.11 Describe representatives for the conjugacy classes of elements of order 3
in GLo(7). (There are 5 conjugacy classes of elements of order 3 in GLy(7).)

3.12 Describe representatives for the conjugacy classes of elements of order 3
in GL2(5)

3.13 We have | GL3(7)| = 2°-3*- 7% .19, so by Cauchy’s theorem GLj3(7)
contains elements of order 19. Find representatives for conjugacy classes of
elements of order 19 in GL3(7). (There are 6 classes. Use the factorization
O —1=0t-1)E+2t -1 +3t2+3t — 1) (3 + 4>+t — 1) (¢ + 42 + 4t —
1)(#3 + 5t% — 1)(t3 + 6t% + 3t — 1) in F;[t], which you do not need to verify.)

3.14 Let I be a field of characteristic # 2. Let A € SLy(FF) be such that A
has order 2. Then A = —1Is.

3.15 Let m,n > 1 be integers.
(a) Find elements x,y € PSLy(C) = SLy(C)/{%12} such that |z| = m,

ly| = n, and |xy| = co. (Hint: Imitate the proof of Theorem 3.22,
using primitive roots of unity in C.)

(b) Find z,y € PSLy(C) such that |z| = m, |y| = oo, |zy| = n.
3.16 Let m > 1 be an integer.

(a) Find matrices z,y € GLy(C) such that |z| = m, |y| = oo, and
|zy| = oco.

(b) Find matrices =,y € GL2(C) such that |z| = oo, |y| = oo, and
o] = m.

3.17 Let F be a field. Prove that GLy(IF) is generated by the set of trans-

vections, together with matrices of the form (g\ (1)), where \ € F*.

3.18 Let A € GL,(F), and let V= F". Suppose that every v € V' \ {0} is an
eigenvector of A. Prove that A must be a scalar matrix.

3.19 Prove that PGLy(3) = Sy and PSLy(3) = A4. (Hint: Consider the action
of GLy(3) on the set of 1-dimensional subspaces of F3.)
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Section 4
4.1 Let G be a group and z,y, z € G. Prove the following identities:

4.2 Let xz,y € G.

(a) Suppose that  commutes with [z, y]. Prove that [z",y] = [z,y]|"
for all n € Zzo.

(b) Suppose that both z and y commute with [z,y]. Prove that
(xy)" = z"y" [y, x]n(n;l) for all n € Z>.

4.3 Let G = @Qs. Determine [G, GJ.

4.4 Let G = Ds,. Determine [G, G].

4.5 Let p be a prime and let G be a non-abelian p-group of order p3. Show
that [G, G| has order p and |G, G| = Z(G).

4.6 Let G = S,,, where n > 3. Prove that [G,G] = A,,.
4.7 Let S be a subset of G.

(a) Let ¢ : G — H be a homomorphism. Prove that (¢(S)) = ¢((5)).
(b) Let g € G. Prove that (S)? = (S9).
(c¢) Prove that Cg((S)) = Cg(S).

4.8 Let G be a group and suppose that G = (S) for some S C G.

(a) Prove the following:
G,G] = ([z,y]? s xz,y € S and g € G).

(b) Find an example where [G,G] is larger than ([z,y] : xz,y € S5).
(Hint: S, = ((12), (12 --- n)).)
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4.9 Let G be a group and H, K < G. Prove that [H, K] 9 (H, K). (Hint:
Use Exercise 4.1 (c).)

4.10 Let G be a group and H, K < G. Prove that [H, K] < HN K.
4.11 (Examples of solvable groups.)
(a) Prove that all dihedral groups are solvable (including the infinite
dihedral group D).
(b) Let p be a prime. Prove that any finite p-group is solvable.

(c) Prove that Qg is solvable.
(d) Prove that Ss is solvable.

4.12 Let G be a group and let H, K < G be solvable subgroups such that
H < G. Prove that HK is solvable.

4.13 Let F be a field such that |[F| > 3. Prove that [GLy(F), GLy(F)] =
SLy(FF).

4.14 We have GL2(2) = SLy(2). Determine [GLy(2), GLo(2)].

4.15 Let G = Cjr, where p is a prime. Show that G has only one composition
series.

4.16 Let G = (), where p and ¢ are distinct primes. How many composition
series does G have?

4.17 Show that Z does not admit a composition series.

4.18 (Dedekind’s rule) Let G be a group. Let A, B,C" < G be such that
B < A. Prove that AN BC = B(ANC().

4.19 Let G be a non-trivial group.
(a) Let G be a finite abelian group. Prove that G has a composition
series where each quotient is cyclic of prime order.

(b) Suppose that G is abelian. Prove that G has a composition series
if and only if G is finite.

(c) Suppose that G is solvable. Prove that G has a composition series
if and only if G is finite.

4.20 Let G be a finite group. Prove that |2%| < |[G, G]| for all x € G.
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4.21 Let F be a field, and let B be the set of upper triangular matrices in

GLQ(IF)
B:{@ g) :)\,uEFX,(GF}.

(a) Prove that B < GLo(F).
(b) Suppose that |F| > 2. Prove that [B, B] = U, where

U:{((l) g):CeF}.

What happens when |F| = 27
(c) Suppose that |F| > 2. Prove that B is solvable but not nilpotent.
4.22 Let G be a nilpotent group and let N < G such that N # {1}. Prove
that [N,G] S N.

4.23 Let G be a nilpotent group and H be a proper subgroup of G. Then
H < Ng(H). (Hint: Show that there exists k£ > 1 such that v,(G) £ H and
Te+1(G) < H.)

4.24 Let G be a group.

(a) Prove that Z*(G) char G for all k > 0.

(b) Suppose that 7.41(G) = {1} for some ¢ > 1. Prove that v._;1+1(G) <
ZY@Q) for all 1 <i < c. (In particular Z¢(G) = G.)

(¢) Suppose that Z¢(G) = G for some ¢ > 1. Prove that v._,411(G) <
ZH(G) for all 1 <i < c. (In particular v..1(G) = {1}.)
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4.25 Let G be a group.
(a) (Hall-Witt identity) Let z,y, 2 € G. Prove the following identity:
[,y 2y, e ez ey = 1

(b) (Three subgroups lemma) Let H, K, L < G. Suppose that two of
the following higher commutator subgroups are trivial:

[H,K,L],|K,L H,[L H, K.

Prove that [H,K,L| = [K,L,H| =[L,H, K| = {1}.

(c) Let N be a normal subgroup. Suppose that two of the following
higher commutor subgroups are contained in /NV:

[H,K,L],[K, L, H],[L H, K]

Prove that all three of them are contained in N.

(d) Let 4,5 > 1. Prove that [v:(G),v;(G)] < 7i+;(G). (Hint: Proceed
by induction on i, and use (c).)

(e) Prove that G*®) < v, (G) for all k > 0.
4.26 Let G be a group and k& > 2. Prove that
(G) = ([x1, 29, ..., 2k] : X1, 29, ..., 21 € G).

4.27 Let G = 83.

(a) Find elements x,y, z € G such that [[z,vy], 2] # [z, [y, 2]].
(b) Find subgroups H, K, L < G such that [[H, K], L] # [H, K, L]].

4.28 Let G be a group and H, K, L < G. Prove that [HK, L] = [H, L][K, L]
and [H, KL = [H, K|[H, L].

186



Topics in Algebra: Group Theory Mikko Korhonen

4.29 Let G be a finite group.

(a) Prove that F'(G) charG.

(b) Prove that if K < G, then F(K) < F(G).

(¢) Find an example where K < G and F(K) £ F(G).

(d) Suppose that G is solvable and G # {1}. Prove that F'(G) # {1}.

Section 5
5.1 Let Gy, ..., Gy, be groups. Let G := {1} % x{1}x Gy x {1} x---x{1}.
Then G; <G x --- x G, and

(G1X"'XGH)/6\Z‘§G1X"'XGZ‘,1XG¢+1X"'XG”.

5.2 Let G be a group and let H, K < G. Suppose that H N K = {1}. Then
hk = kh for all h € H and k € K.

5.3 Let H and K be groups. Then for any A < H and B < K, the product
A x B is a subgroup of H x K.

5.4 Let H and K be finite groups.
(a) Suppose that ged(|H|, |K|) = 1. Prove that if N < H x K, then
N =Ax B for some A < H and B< K.
(b) Suppose that H # {1}. Prove that H x H has a subgroup which
is not of the form A x B.

5.5 Let G = H x K. Define the projection maps 7y : G — H and 7g : G —
K by my(h, k) = h and wg(h, k) =k for all h € H and k € K.

(a) Prove that 7y and 7 are surjective homomorphisms.

(b) Prove that Kermy = K and Kermg = H.

(¢) For any subgroup X < G, prove that X < 7wy (X) X mx(X). Find
an example where X # my(X) x mx(X).

(d) Generalize (a) and (b) for G = Hy; x Hy X - -+ X Hy, where Hy, Hy,
..., Hy are groups and k > 2.
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5.6 Let G and H be groups. Prove the following statements:

(a) (Gx H)® =G® x H® for all k > 0.

(b) %(G x H) = v(G) x v (H) for all k > 1.
(c) ZK(G x H) = Z¥(G) x Z*(H) for all k > 0.
)

(d) The direct product G x H is abelian if and only if G and H are
abelian.

(e) The direct product G x H is solvable if and only if G and H are
solvable.

(f) The direct product G x H is nilpotent if and only if G and H are
nilpotent.

5.7 Let G and H be finite groups. Prove that F(G x H) = F(G) x F(H).
5.8 Prove that (Q, +) is not isomorphic to a direct product of cyclic groups.

5.9 Let G = (21,...,x) be a finitely generated abelian group. Prove that
any subgroup H < G is generated by < k elements. (Hint: Proceed by
induction and consider H N (xa, ..., xk).)

5.10 Let G be an abelian group. Let tor(G) = {g € G : |g| < oo}, the set of
elements of finite order in G.
(a) Prove that tor(G) is a subgroup of G.
(b) Prove that G/ tor(G) has no non-trivial element of finite order.

(c) Let G and H be abelian groups. If G = H, prove that tor(G) =
tor(H) and G/ tor(G) = H/tor(H).

(d) Suppose that G = C),, x---xC,, XZ", where k > 0, nq,...,ng > 1,
and r > 0. Prove that

tor(G) = Cpy X -+ X Oy,
G/tor(G) = 7Z".

(e) Find a non-abelian group X such that tor(X) is not a subgroup of
X.
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5.11 Let (G,+) be an abelian group.
(a) Prove that for all n > 0, the set nG = {ng : g € G} is a subgroup
of G.

(b) If G and H are abelian groups such that G = H, prove that nG =
nH and G/nG = H/nH.

(c) Let r,s > 0. Prove that Z" = Z* if and only if r = s. (Hint: use
part (b).)

5.12 Let (G,+) be an abelian group. Recall from Exercise 1.16 that for all
m € Z, the set G(m) = {g € G : mg = 0} is a subgroup of G.

(a) Let (Gh,4), ..., (G, +) be abelian groups and G = G X - - - X G;.
Prove that G(m) = G1(m) X - -+ x Gy(m) for all m € Z.

(b) If m | n, prove that G(m) < G(n).

(c) Let G be cyclic of order n. Prove that G/G(d) = C,, 4.

(d) Let G be cyclic of order n and let d | d' | n. Prove that G(d)/G(d') =
Cayar-

5.13 Let G the following subgroup of GLy(Q):

(1) 6

Let U be the following subgroup of GLy(Q):

v {(1 ) irea).

Prove that H = GNU is not finitely generated. (This example shows that a
subgroup of a finitely generated group is not necessarily finitely generated.)

5.14 Let n > 0 be an integer and write the prime factorization of n as n =
plfl e pft, where p; are distinct primes and k; > 0 for all 1 < i < t. Prove
that up to isomorphism, the number of finite abelian groups of order n is
p(k1) -+ p(k;), where p(k) denotes the number of partitions of an integer
k > 0. (For example p(4) = 5, since the partitions of 4 are 4, 1 + 3, 2 + 2,
141+2 and 14+ 1+ 1+ 1. Other values: p(1) = 1, p(2) = 2, p(3) = 3,
p(4) =5, p(5) = 6, p(6) = 11.
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5.15 Let G be a finite abelian p-group, say G = Cpa1 X -+ X Cpay with
ap > > > 0.
(a) Prove that for H < G, we have H = Cls, x -+ x Cpp, for some
pr2>-=052>0.
(b) Prove that in (a), we have 5; < o; for all 1 <1 <.

(c) Prove that for G/H, we have G/H = Cp X --- x Cpn for some
Mmz- 2z 20

(d) Prove that in (c), we have 7; < o; for all 1 <7 <.

5.16 Let G be a finite abelian group and let H < G be a subgroup. Prove
that there exists K < G such that K = G/H. (Hint: Use exercise 5.15).

5.17 Let G = Qg.

(a) Prove that G/Z(G) = Cy x Cs.
(b) Prove that G has no subgroup isomorphic to Cy x Cs.

5.18 Prove that there does not exist a group G with G/Z(G) = @Qs. (Hint:
(s has a subgroup of order 2, which is contained in every nontrivial subgroup

of Qs.)

5.19 Let G and H be groups. Prove that if G = H, then Aut(G) = Aut(H).
Find an example where Aut(G) = Aut(H), but G % H.

5.20 Prove that Aut(Cy x Cy) = S;.

5.21 Let G and H be finite groups.
(a) Suppose that ged(|G|, |H|) = 1. Prove that Aut(Gx H) = Aut(G)x
Aut(H).

(b) Prove that Aut(G)xAut(H) is isomorphic to a subgroup of Aut(G x
H).

(c¢) Find an example where Aut(G x H) 2 Aut(G) x Aut(H).
5.22 Prove that Aut(Sy) = S,.

5.23 Let p be a prime and let G be a finite group. Prove that G is an
elementary abelian p-group if and only if G is abelian and 27 = 1 for all
r e q.
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5.24 Let (G,+) be an abelian group. Suppose that there exists a prime p
such that pg =0 for all g € G.

(a) For T € Z/pZ, define T - g = xg for all g € G. Prove that this
makes G into a vector space over F,, = Z/pZ.

(b) Let V' be a vector space over F,. Show that for (G,+) = (V,+),
we have pg = 0 for all g € G.

(c) Let ¢ : G — G be map. Show that ¢ is a homomorphism if and
only if ¢ is a [F,-linear map.

5.25 When is the order of Inn(G) a prime number?

5.26 Let H and K be groups, and let G = H x,, K be an external semidirect
product, where ¢ : K — Aut(H) is a homomorphism. Let H and K be as

in Theorem 5.36. Prove that the following statements are equivalent:
(i) G=H x K.
(ii) ¢ : K — Aut(H) is trivial.

(iii) K is a normal subgroup of G.
5.27 Let H and K be groups.

(a) Suppose that H =2 H’ and K = K’. Prove that any external
semidirect product H X, K is isomorphic to H' x4 K’ for some
homomorphism ¢ : K’ — Aut(H').

(b) Let ¢,¢' : K — Aut(H) be homomorphisms. Suppose that ¢’ =
Y for some ¢ € Aut(K). Prove that H x, K = H xy K.

(¢) Let ¢,9' : K — Aut(H) be homomorphisms. Suppose that there
exists ¢ € Aut(H) such that ¢/(z) = ¢y(z)p~! for all z € K.
Prove that H x, K = H Xy K.

5.28 Let G be a finite group of order mn, where ged(m,n) = 1. Suppose that
G contains a normal subgroup N of order n. Then N is the unique subgroup
of order n in GG, and

N={zeG: 2" =1}

5.29 Let G = Dy, (dihedral group), where n > 0 is odd. Prove that all
elements of order 2 are conjugate in G.

5.30 Classify groups of order 30 up to isomorphism.
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Section 6

6.1 Let G be a finite group and let p be a prime. We denote the set of Sylow
p-subgroups of G by Syl,(G).

(a) Let H < G. Prove that
Syl,(H) C{PNH : P e SylL(G)}.
(b) Find an example of a group G and H < G such that

Syl,(H) S {PNH : P e Syl(G)}.

6.2 Let GG be a finite group and let p be a prime.
(a) Let N < @G. Prove that

Syl,(N) ={P NN : P eSyl(G)}.
(b) Let N < G. Prove that

Syl,(G/N) = {PN/N : P € Syl (G)}.

6.3 Let G be a group of order |G| =20 = 2% - 5.

(a) Show that G is isomorphic to some semidirect product C5 1 P,
where |P| = 22.

(b) Classify semidirect products C5 Xy, Cy, up to isomorphism. (There
are 3 in total.)

(c) Classify semidirect products C5 x, (Cy x Cs), up to isomorphism.
(There are 2 in total.)

6.4 (Examples of H < G such that n,(H) { n,(G).)

(a) Let G = S5 and H = Sy. Show that n3(H) = 4 and n3(G) = 10.

(b) Let G = As;. Show that there is a subgroup H < G such that
H = S3. Prove that ny(H) = 3 and ny(G) = 5.

6.5 Let G and H be finite groups. Prove that n,(G x H) = n,(G)n,(H).

6.6 Let p and ¢ be distinct primes. Classify semidirect products of the form
Cy Xy (Cp x Cp X - -+ x Cp), up to isomorphism.
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6.7 Let GG be a finite group and let p be a prime.

(a) Suppose that a Sylow p-subgroup of G is cyclic. Prove that if
p* | |G|, then any two subgroups of order p* are conjugate in G.

(b) Find an example where p* | |G|, and G contains two subgroups of
order p* which are not conjugate in G.

6.8 Let GG be a finite abelian group and H < (G. Prove that for the transfer
map v : G — H, we have v(g) = gl for all g € G.

6.9 Let G be a group of squarefree order |G|. Prove that for all d | n, there
exists a subgroup of order d in G.
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